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ABSTRACT: We study N = 2 Liouville theory with arbitrary central charge in the presence
of boundaries. After reviewing the theory on the sphere and deriving some important struc-
ture constants, we investigate the boundary states of the theory from two approaches, one
using the modular transformation property of annulus amplitudes and the other using the
bootstrap of disc two-point functions containing degenerate bulk operators. The boundary
interactions describing the boundary states are also proposed, based on which the precise
correspondence between boundary states and boundary interactions is obtained. The open
string spectrum between D-branes is studied from the modular bootstrap approach and
also from the reflection relation of boundary operators, providing a consistency check for
the proposal.
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[Al. Some useful formulae kg

1. Introduction

N = 2 Liouville theory has a wide variety of applications in string theory. Although
the theory is interacting, the N = 2 superconformal symmetry will allow one to compute
various structure constants and correlation functions exactly. In the last decade there
has been a great progress in the understanding of non-compact, interacting CFTs such as
Liouville theories with various supersymmetry[[]-[LJ]. These recent works have studied
the theories by combining the knowledge of the representations of the symmetry algebra
together with the Lagrangian description as perturbed free conformal field theories.

A particularly important progress has been made in N = 0 and N = 1 Liouville
theories in the understanding of boundary states or D-branes, where Cardy’s construc-
tion of boundary states has been successfully applied and we have found various boundary
states in consistency with the representation theory of Virasoro or super-Virasoro alge-
bras [§, [, [3, [[J. For some boundary states the field theory descriptions in terms of
boundary interactions have also been provided, whereas the others are interpreted as the
theories being realized on the pseudosphere. This big breakthrough was followed by the
determination of various exact structure constants on disc [[Id, L]

In this paper we try to extend this success to N = 2 Liouville theory with boundary.
There have been quite a few works [[4—[[7]] on this theory and also some related works
on the dual coset model or the Hi WZW model P0J-[B] along the path explained above.
However, there still remain certain confusing issues which we attempt to resolve in the
present paper. One source of confusion is the additional periodic direction 6. As we will
see, the open and closed string states carry momentum and winding number along 6 obeying
a certain quantization law, and one has to take a proper account of the quantization law
in analyzing the theory. For example, the boundary states in N = 2 Liouville theory
are classified as A-branes or B-branes according to the choice of boundary conditions
on supercurrents, and the momentum/winding number quantization law makes these two
families qualitatively very different. In this paper, we are able to take the correct account
of the quantization law.

We also study some other difficult problems in N = 2 Liouville theory in detail. One of
them is related to the property of operators belonging to degenerate representations. The
N = 2 Liouville theory actually has few properties in common with the less supersymmetric
theories. For example, unlike the Liouville theories with less supersymmetry, N = 2
Liouville theory does not have a simple strong-weak coupling duality. It instead has as the
dual theory the N = 2 supersymmetric SL(2,R)/U(1) coset model [P]. One important
difference between N = 2 theory and N = 0,1 theories is the spectrum of degenerate
representations. The degenerate representations of N = 2 superconformal algebra are
generated by two fundamental degenerate representations with Liouville momentum j =



1/2 and j = k/2. These two representations are totally different in quality since the former
is chiral and the latter is non-chiral, so that they behave very differently under fusion.
Another is related to the boundary fermions we are lead to introduce in describing D-branes
in terms of boundary interactions. They introduce the Chan-Paton degree of freedom on
the boundary and make the properties of boundary operators quite complicated.

This paper is organized as follows. In section P we give a rather thorough review of
the theory on the sphere, where some OPE coefficients and the reflection coefficients of
bulk operators are presented. Section [] starts the analysis of the theory with boundary,
where we find the wave functions for A-branes by analyzing annulus partition functions.
We also argue that the similar analysis for B-branes does not work as long as there is
a continuous spectrum of closed string states obeying reflection relation. Section [ gives
another derivation of the wave functions which makes use of the Ward identity of disc
two-point functions containing degenerate bulk operators. In section [ we first propose
the boundary interactions preserving B-type supersymmetry using the construction well-
known in N = 2 Landau-Ginzburg models, and then attempt to extend it to A-branes.
Using them we calculate some structure constants on the disc and find the relation between
boundary couplings and the labels of boundary states. Section f analyzes the reflection
property of boundary operators, where we find the open string spectrum from the phase
of reflection coefficients and check the consistency with the result of modular bootstrap
analysis. In section [] we give some brief concluding remarks. Some useful formulae are

recorded in the pppendiy.

2. N=2 Super-Liouville theory

2.1 Action

The N = (2,2) superspace has four anti-commuting coordinates #* and %, and they are
related by hermitian conjugation as (%) = §F. The action of N = 2 Liouville theory on
a flat Euclidean worldsheet is given by

. - Y T L
I= 8—/d2zd9+d9d9+d9¢¢+2ﬁ/d2zd9+da+e \/§¢+2ﬁ/d2zd9d96 Ve
™

™ ™
(2.1)
where ® is a chiral superfield satisfying

9 o+ _ 9 _.3t5) e —
(ae—w (9><I>— <69_ 6 6><1>—0,
0 . \= 9 =\ =
and obeying the f-expansion:

® = ¢+ iV20 Ty + V20N, + 2070 F 4
d=G+ivV20 p_ +ivV20 p_ +2070 F+---. (2.3)



Writing in components the action becomes, up to total derivatives,
1 57 AT oo B LA =
I= /d% (50000 + £0¢0¢ + ith O + i) . 0¢_ — FF)|
—2ﬁ /sz(k¢+¢+ _VaRR) eV Qﬁ /d2z(k1/z_zp_ _VaRF)eVES, (2.0)
T 77

In analyzing supersymmetric field theories, we usually integrate out the auxiliary fields
such as F' and F here to obtain the action written in terms of dynamical fields only. After
eliminating the auxiliary fields we obtain the exponential potential for the real part of ¢, so
the theory describes the dynamics of strings in the presence of Liouville-like potential wall.
However, to make use of the calculational techniques in CFT we would rather not integrate
over F, F first. Generic vertex operators are therefore local functionals of dynamical fields
as well as F, F. Since the auxiliary fields give contact interaction, under some restriction
on the momenta of vertex operators we may simply neglect their contributions to the
correlation functions. We can also see that by simply putting F = F = 0 the action
reduces to the system of free fields with N = 2 superconformal symmetry perturbed by
exponential operators

1 - R - - .
I= /d% [apap — \/%TP + 0000 +1h, OY_ + O
+22k—7/:/d2z¢+1,5+6\/§¢+ f—:/dzwie@d’. (2.5)

Here we introduced the real bosons p, 8 by ¢ = p + i, and redefined the fermions so as to
satisfy the canonical OPEs

p(2)p(w) ~ O(2)0(w) ~ —In]z — w®, () (w) ~ ——, (2.6)

zZ— W

The system of free fields defined by the first line of the action (B.5) represents a N = 2
superconformal algebra with the central charge ¢ = § =1+ %:

T = —1(0pdp+ \/ 2070 + 9006) — L (b0 + v_00,),
V2T = i, ¢ + z'\/%am,
VITy = ip-90 + iy 20u_,
J = Yo +iy/ 206, (2.7)

and the interaction terms in the second line commute with these currents. From this we see
that by simply dropping the auxiliary fields we still have a superconformal symmetry. Asin
the N =0 and N =1 Liouville theories, the interaction terms screen the momentum along
p or 6 directions and therefore the momentum along these directions does not conserve.
For this reason we sometimes refer to these interaction terms as screening operators. The
easiest way to calculate various quantities is therefore to restrict first the momenta of
vertex operators so that the contact terms do not contribute, and then make the analytic



continuation in the momenta. Some quantities are expressed as correlators of free fields
with some screening operators inserted. As we will illustrate later in a few examples, the
role of auxiliary fields is to cancel some of the divergences that arise in naive screening
integral expressions. For more detailed discussions on these matters, see [27-R9].

From the viewpoint of free CFT perturbed by screening operators, there is another
screening operator which can be written as a D-term invariant

/ d22df* d9=dfdA~ exp (-ﬁ(@ + é))

— 2000 VE 1 (5,80 — B0+ 5a00- — 05,5} e VP
+ {—ZkFF +V2kap ) F + x/%p_zz_F} Ve
+r (- — V2k00) (4 — @59)67\/%’). (2.8)

The first two lines are neglected since they only give contact interactions, and the last line

gives, after canonical normalization of fermions, the following screening operator:

- ~ ]2
(Yytp_ — iV2k00) (Y itp_ — ivV2kD0)e \/;”. (2.9)
It is useful to bosonize the fermions in terms of a compact boson H:
Yy = V2L 4py = 2eFHE, (2.10)

where the suffices L, R indicate the holomorphic and anti-holomorphic parts. The two
screening operators that were in the original action are rewritten as follows:

puS+ @S = — k—'u/dQA'ze\/E(HiH - k—'u/dQZG\/E(biH. (2.11)
™ ™

2.2 Vertex operators

As bulk operators which are inserted in the interior of the worldsheet, we mainly consider
those of the form

Vi) = exp [\/% {jp+ilm+ s)0, +i(m+ 50} +isHy, + iEHR} . (2.12)

The labels (s, 5) determines the monodromy of fermions (14, ) around this operator. In
particular, NS sector corresponds to s, s € Z and the R sector to s,5 € Z+ % These labels
are also regarded as the amounts of spectral flow explained later.

For the correlators of these vertex operators to be calculable perturbatively, the inter-
action terms must be single-valued around them. This gives the constraint m —m € Z.
Hereafter we shall restrict our attention to such operators and call them perturbatively
well-defined. Note that this is not enough to ensure the mutual locality of these vertex
operators.



The 6 corresponds to the phase of the chiral field exp(—+/k/2®), and it has the pe-
riodicity 2m1/2/k. The periodicity can also be read off from the behavior of § around a
perturbatively well-defined operator,

B() Vi (0) ~ —iy/ 2 (mInz + mIn )V, (0), (2.13)

and m — m therefore corresponds to the winding number along 6-direction. The 6-mo-

mentum ﬁ(m%—m) should also be quantized in unit of \/g . We thus have the quantization
law A
m, i = ”2 Y. (nwe Z) (2.14)

Physical spectrum of closed string states i.e. the states on a circle, should obey this
condition. But we sometimes consider bulk operators not satisfying this in the calculation
of correlators on the sphere or the disc. The same argument for operators with nonzero

s, 5 leads to the quantization law
m—-—meZ m+s+m+3seEkZL. (2.15)

2.3 Representations of N = 2 superconformal algebra

The N = 2 superconformal algebra is generated by the currents 7', Tfpt and J satisfying the
OPEs

T(Z)T(O) ~ 3@4 _|_ 2T(0) _|_ 8TZ(0)’ T(Z)J(O) ~ J}Eg) + an(O)7
TTED) ~ ) [ o120, JOTH©O) ~ £, (2.16)
T ()T (0) ~ & + 220 4 210 4 2700 -y 7(0) ~ 5.

If we define their modes as follows

=3 Lz "R TER) = Y GETR J() =) S (217)

nez reZta+1/2 nez

they obey the (anti-)commutation relations

[Lma Ln] = (m - n)Lm+n + ﬁ(mg - m)6m+n,0a [Lma J, ] = —nJdmin,
[Lma G%] = (% - n) GiJrna [Jma G%] = iquLna (218)

{G%, G:L} = 2Lm+n ( - n)Jm-‘rn + é(mQ - %)5m+n,07 [Jm7 Jn] = cm5m+n,0-
NS and R algebras are labelled by o = 0 and o = 35, respectively. For open string states,

i.e. states on a strip, we will have to consider other algebras labelled by arbitrary real .
Such algebras are related to one another by spectral flow:

UﬁaLnUa = Ln + CVJn + %5771—%71,07
U GEU = Gio,
U %I U% = Jp + acdpp. (2.19)

The spectral flows labelled by a € Z are automorphisms of the N = 2 superconformal
algebra.



To any vertex operator there corresponds a representation of superconformal algebra.
Let us take as an example the bulk operator introduced in the previous subsection and

focus on its left-moving part:
VIE)(2) = exp [\/%{ij +i(m+ )0} +isHp| . (2.20)

It corresponds to the state |j, m,s) which has the Ly and Jy eigenvalues (h, Q):

(m+s)2—j(j+1) s 2(m + s)

h: — =
k +2’ @ k

+s, (2.21)

and is annihilated by G™_, and G, . The operators with s = 0 correspond to NS
r>5—s r>5+s

sector primary states, and s represents the amount of spectral flow:
|7, m, s) = U?|j, m,0). (2.22)
The action of supercurrents on them reads

TE(VEO (0) ~ —iy/2( £ m)= VD (o). (2.23)

The states with j = Fm are annihilated by Gisi ,. They are (anti-)chiral primary states
2
spectral flowed by s units. The above formula also shows that the two highest weight

representations are related by an integer spectral flow when their m labels differ by an
integer.
2.3.1 Degenerate representations

As can be read off from the determinant formula of [Bd, B1]], the Verma module of NS

algebra labelled by conformal weight h and R-charge ) contains a null vector when
Frslh Q) = 26— Dh = Q2= 1 =12+ H{(E—Dr+ 2512 =0 (rs € Zog),  (2:24)

and the null vector appears at level rs. It follows from this that NS vertex operator Vi,

corresponds to a degenerate representation when
2j+1=+x(r+ks). (r,s€Zs) (2.25)

The most fundamental degenerate operators within this category are those with (r,s) =
(1,1) or j = £. According to [B{] the determinant also vanishes when

G Q) =2h—2Q+ (-1~ 1) =0 (peZ+1). (2.26)
In the simplest case p = :I:% we have 2h = £@). For generic p we can easily find a null
vector x of the form

(p>0) ’X> = Gi—p"'Gi—:g/QGi—l/Q’haQ%
(<) ) = GGyl Q) (2.27)



so they are chiral representations spectral flowed by p — % units, or anti-chiral representa-
tions spectral flowed by p + % units. In particular, the representation has two null vectors!
if (h,Q) are such that there are two different values of p satisfying (R-26)). In terms of the
labels (j,m) the condition is simply

(jimGZZO) or (—j—limGZZO). (228)

Though we will not explain in detail, classification of representations of SL(2,R) current
algebra at level k + 2 is also known, and degenerate representations appear precisely in the
same manner as those of N = 2 superconformal algebra. For example, The representations
with two null vectors correspond to finite dimensional representations of SL(2,R).

2.3.2 Unitary representations

In the conditions for unitary representations were also given. For k > 0 there are two
classes of unitary representations of NS algebra. The first ones satisfy

gp(h,Q) >0 or (j+3)*<(m—p)? forall peZ+ 1. (2.29)

The representations with j € —% + iR are therefore all unitary irrespective of the value of
m. There are also some unitary representations with —1 < j < 0 in this class, depending
on the value of m. The second ones satisfy

gp(h, Q) =0, Gp+sgn(p) (h, Q) <0 and fl,l(h, Q) > 0. (230)
In terms of j,m this condition becomes, up to j <> —j — 1 equivalence,
—f-1<j<-1 and £mej—7Zs (2.31)

Hereafter we will use the term discrete/continuous representations for these two classes of
representations. The bound for j is called the wunitarity bound, and we actually expect
a little more stringent bound for discrete series from recent works. This can also be
understood from the reflection relation for chiral operators sending j to —j — 1 — g, which
we will explain later.

2.4 Perturbed linear dilaton CFT

The N = 2 Liouville theory can be analyzed as a linear dilaton theory (free CFT) with
exponential type perturbations. As was found in [fl], the correlators of such theories are
calculable simply as Wick contractions of free CFT with a certain number of screening
operators inserted.

The simplest example of such theories is the bosonic Liouville theory, defined by the

action

I= % / d*z\/g [gm" 1 ®0n + V2QRe + 8mpeY??| | Q=b+ b7l (2.32)

!Note that the relevant Verma module contains more than two null vectors. For example, the Verma
module over the NS ground state has three null vectors, Gf1/2|0> and L_1|0).



We are interested in the correlators typically of the form
([ ey = / D! [ eV22e=0). (2.33)

Extracting the dependence on the zero-mode of ¢ we find, on a worldsheet with genus g,
the following integral:

/d% exp [\/5{2 a—Q(1 - g)}gy — eV / d%eﬂb(d’%)]

I‘(—N){ /dz \/ib(¢>¢o)}N (bN = Q(1 Z (2.34)
= ze . — Q; .
var 2

N is the number of screening operators necessary to cancel the momentum carried by
vertices and also by the background with genus ¢g. Since the integration over non-zero
mode of ¢ is equivalent to taking the Wick contraction using the free correlator, we obtain
the following formal expression

Hef‘W(Z' = \/_b H V200 (18)V e, uS=u/d2xeﬁb¢- (2.35)

This shows that the correlator diverges when the total momentum of vertices and the
background can be cancelled by a non-negative integer insertion of screening operators,

— Z oy € bZZO, (2.36)

and the residue of such divergences is given by the Wick contraction of free fields. More
explicitly, by rewriting the Gamma function as a sum of simple poles we obtain an expres-
sion

Viaio(=)y o § L 1 Vaig(z) (ZHS)" 5
<1:[e ) = nz>0 V2nb+3a; — Q(1 — g) <1:[e n! Jiree: (2:37)

which well approximates the behavior of correlators near the poles Q(1—g) —>_ o € bZ>o.
The above argument applies also to the N = 2 Liouville theory. Let us consider the

(I vtz / DpDODpe ! H Viilensi (2.38)

i

correlator

In this theory we have two screening operators (with couplings p and fi) in the defining
action, so let us expand into power series in p and then integrate over the zero mode of p.
Then we finally obtain

Si,8 1 VrgLZi;SZ ) (—uS aS)" Tee
qTviir \f Z LMY O ERS i e (o)
: nlal =3 Gi—1+g+%(n+n)

which well approximates the behavior of correlators near the poles > j;,+1—g € %ZZO.



2.4.1 Three-point function

Using this formula we calculate the three-point function of operators V%%’g). We first
evaluate the residues of the poles corresponding to integer insertions of screening operators,
and then obtain the correlator by some kind of extrapolation. Similar calculations were

performed for bosonic Liouville theory in [}, f] and N =1 Liouville theory in [f, f.
The residues of the poles in (R.39) are given by the Wick contraction:
3

1 (505 -

nln! <H szbzis%’i&) (Zi)(_us)n(_us)n>free- (240)
1=1

In order to account for the anti-commutativity of Grassmann odd quantities, we need to

include cocycle factors in doing the contraction. We therefore assign the factor

s s
exp <?((m1 + 51) (M2 + 52) — (M2 + s2)(M1 + 51)) + 5(8152 - 5251)> (2.41)
in contracting the product V,illl(,f,jfﬂv,ifj,f,fj”. This ensures that the operators are simply

commuting or anti-commuting according to their Grassmann parity if they satisfy (2.13)
as well as 5,5 € Z. In particular, the positions of screening operators do not matter in
calculating correlation functions. Note also that the momentum conservation of linear

dilaton theory requires
Sjat+l=4n+n), Eme=%m,=1+5n—-n), Us,=35=-n+n (242)
After the Wick contraction we encounter the integral

n—mn)(mi—m1) . L
I = (=)! /Hd22 zjl m jl ml(l — 2272 (1 = 7)™ (2.43)

il
x H d2zgzgl+M1§gl+ml(1 _ ZE)jQerQ j2+m2 H |Z ]|2 H |Z |2 H |Zz]| 2k — 2
i=1 i<j i<j i
which is calculated using the formula® in [BJ. It is non-vanishing only when n — 7 = +1
or 0.
(n=n+1)
H Y(=rk)y(1 + 2j1 — k)Y (1 + 252 — rk)y(1 + 2j3 — rk) | F—(ja, Ma, Ma),
= (1471 = I'(l+j2 £ I'l+4s=+
Fi (o, Ma, itg) = (—)m2—m2 ( ‘|‘]1. m_1) ( +"72 _m2) ( '+ 33_ ms)
D(—=j1 F m1)l(=j2 F m2)(—js F m3)
(n =)

" [H Y(=rk)y(1 + 251 — rk)y(1 + 2j2 — rk)y(1 + 243 — 7k) | F(ja, Mas Ma),

F(jaama7ma) — 7T2/d22’d2wzj1mlzjlml(1 _ Z)]Q m2(1 _ Z)']Q mo

wqpd1tma it (1 _ w)j2+m2(1 _ w)]é-i—mz |Z _ w|—4—2(j1+j2+j3)‘ (2‘44)

2Some typos by unnecessary sign factors there are corrected here.

,10,



where y(x) = % Using k = b2 and the special function Y introduced in [J] (see the

appendix for the definition) we can rewrite the products of 7 functions as follows:

n=n+1=0(i24s +1) + 5
I =F_(jo,mqg ma)WQn_le(Hk)(n_l)T'(O)T(b(% +1)Y(b(272 + 1)) Y (b(253 + 1))
o T/(3(1—n))Y (95 + bji—2-3) (55 + bjo—3-1)Y (5 + bjz—1-2) ~
n=1n="0b(Sj,+1):
w2 b2 DY (0) T (b(21 + 1) T (b(2j2 + 1) Y (b(243 + 1))
T/(5(1—n)T(E + bji—2-3)T(3 + bjo—g—1)Y(} +bjs—1-2)

I - F(ja7ma7ma)

(2.45)

The derivative of T function appears because we re-wrote a product of v functions by the
ratio of Y functions both are vanishing. The function Y (3(1—n)) vanishes precisely at the
poles of the three-point function appearing in (2.39). So we combine the sum over poles
into a single function using the extrapolation

1 1
> G oF@ " T (2.46)

a€{simple zeroes of F(x)}

Combining with other factors we obtain
(oo Vi ™ (za))
= H ng—ha—hbzibg—ﬁa—ﬁbe%{(ma+5a)(mb+§b)7(mb+sb)(’rﬁa+§a)}+%’(sagbfsbga)
{abc}={321},{312},{213}
x {6%(Zim; — 58)6%(Sisi + 1) F- (ja, Ma, Ma)D—
+ 6%(Simi + E)6%(8is; — 1) Fy (Ja, May Ma) Dy + 6%(2im;) 0 (2:8:) F (ja, Ma, Ma) Do }

_ (b2~ ) i LY (0) Y (b(21 + 1)) Y (B(242 + 1)) T (b(2j3 + 1))

B \/ibl-i-k'r(%b — b(j1+2+3 + 1))T(2_1b + bjl_g_g)'r(%b + bjg_g_l)'r(%b + bjg_l_g)’

Dy = (v~ 2" )2+t 177 (0) Y (b(241 + 1) T (b(2j2 + 1)L (b(255 + 1))
V262X (§ = b(jirays + D)Y (G + bji-2-3) (3 + bja—3-1) (3 + biz-1-2)

Dy

(2.47)

where we set =1 = Vs using the translation along #-direction.

The three-point structure constants have much more poles than the path-integral for-
mula predicts. Some of the poles can be accounted for by incorporating another screening
operator of D-term type given in (R.§). The poles in the p-momentum space at

ftjetis+l=4n+n)+m (n,n,m e Zx) (2.48)

can be explained in this way. Note that in bosonic Liouville theory we meet a similar
situation, where we have two screening operators although only one of them is present in
the defining action. The two screening operators there are transformed to each other by
b % flip, so it follows that the theory has the strong/weak coupling (b < %) duality.

All the other poles are related to the ones explained above by reflection relations which
are explained later.

— 11 —



2.4.2 Contact interactions

Let us make some comments here on the role of the auxiliary fields which we have neglected
in the calculations above. Before doing this, we would like to note that at the stage of
evaluating the screening integral using the formula (R.44) we have already assumed the
analyticity. Otherwise the validity of the formula for correlators would be very restricted
in the momentum space, because any integrals which look like

/d%mo‘xo‘ o (a—aeZ) (2.49)

diverge around z ~ 0 when max(«a, &) < —1. After the analytic continuation, one can see
the divergences as poles of the functions like I'(1 + «) or I'(1 4+ @). Assuming analyticity,
away from such poles in the momentum space we are allowed to do all the naive operation
such as partial integration. From this viewpoint, it would not be so bad to simply discard
the contact interactions, calculate correlators in a region of momentum space where contact
terms are negligible and then analytically extend. But of course one can treat the contact
terms honestly and find that they play the role of ensuring the analyticity.

As will be illustrated below, the auxiliary fields cancel some of the divergences in
correlators. We begin by recalling that, when a correlator contains a primary operator
e_(p¢+’7q3), the screening integral behaves around it as (neglecting coefficients)

1S - e @8 99) () / o2V G o wetnd) () / 22|22V (250

So there are no divergences from integrals over origin as long as p,p < \/m From the
superconformal symmetry, it is natural to expect that the screening integrals containing
e~ (Pe+p9) op any of its descendants are finite for those values of p,p. Now, let us take a
descendant:

/d6+d9+e(p<1>+p<1’) = 2p(F + Z'p¢+@+)e*(p¢+ﬁ¢3)7 (2.51)

put at z = 0 in a certain correlator. We should then consider the divergences of screening
integrals around this operator. One finds the singular behavior of ©S becomes milder,
whereas that of jiS gets stronger, since the latter contains the fermions with opposite
charge:

S = % /d2z <¢1m/),zz, + \/%F) e VEe (2.52)
So the jiS-integral is apparently finite only for negative p.
Let us show that, through suitable regularization, the fiS-integral is actually finite for
p slightly above zero due to the cancellation between contact and non-contact interactions.
The screening integral is the sum of a non-contact and a contact terms, both of which
are divergent for positive p. In order to compare the two divergences, let us introduce
the following regularization. First, reguralize the non-contact term by cutting off the
integration domain by a hole of radius €. The non-contact interaction is then evaluated as
follows:

Z{:—Wﬂ /d221/1_1/1—e_\/§¢(z) X (2ip? )y e~ PHP9) ()
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4kp?[i

~ R / d22) 2|72 2V2R = 0\ /ofppie2V2RP (2.53)
T Jlalze

Second, separate F' and e~ (Po+09) by spreading F' along the boundary of the same hole.

The contact interaction is also regularized, and it precisely cancels with the non-contact

interaction

£ / PovThFeVE () x 2 7{ 9 p(2)e®ot59) (0) — —2v/Thpre VP, (2.50)
™ €

2mix

It is expected that the auxiliary fields play similar roles of cancelling the unwanted diver-

gences in other correlators, though we will not analyze it in a systematic way.

2.4.3 Reflection relations

In previous subsection, we introduced the primary states |7, m,s) as highest weight states
of N = 2 superconformal algebra labelled by s. From a purely representation theoretical

viewpoint, there are the following equivalence relations between them:
|j,m,s>~|—j—1,m,s>, |j,:|:j,8>~|3,:|:3,83|:1>. (.;:_j_l_%) (2'55)

Therefore, as in N = 0 and 1 Liouville theories, we expect the following equivalence
relations between operators
(5.5 ' e ili(ss
V,fz(,fﬁs) = R(j,m,m)V ', (&:5),
( 77) — y 7( :':177:':1) T ; k‘
Vij‘fis» = R<(j) xVij‘;js ., J=E—-j—4§5—-1L (2.56)
We will refer to these relations as reflection relations and the coefficients R, R+ as reflection
coefficients. They should be independent of the labels s and s, because they are coordi-
nates along the S! corresponding to R-rotation which is an exact symmetry of the theory.
R(j, m,m) is easily obtained from the three-point structure constants Dy and Fy:
_V2j+1r(1 +74+m)L(1+j —m) T(=b%(25 + 1))I(=25 — 1)
D(=j+m)(=j—m) T (2j+1)I'2+1)
This can also be obtained from Dy and F' using the equality

F(ja,ma,ma) F(l +j1+m1)P(1 + 51 —ml) . .
; - = - - — _3— _1-92). 2.58
F(]a, Ma, ma)|j1~>fj171 F(_]l + ml)r(_jl _ ml) 7(]2 3 1)7(.]3 1 2) ( )

R(j,m,m) = (2.57)

R4 (j) are obtained by using
(=)™ 2y (251 + DL+ jo — mo)T'(1 + js — mg)

V(14 jrro-3) (1 + J1-243)7(2 + j1243) (M2 — j2)T'(m3 z 13);
2.59

F(jaamaama)‘m1:m1:j1 =

and taking the ratios of F Dy and FLD4:
L(=b%(2j +1))
D(—b2(2j + 1))

Finally, the two-point function for operators belonging to continuous representations can

Ry(j) = v2t1+s (2.60)

be written as

(VIS (0 Wi2252) (0)) = 202M 5 2262 (my 4+ mg )62 (s1 + s2) (2.61)
x{6(i(j1 +72+1)) + 6 (i(y1 — j2)) R(j1,m1,m1)}.
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2.5 OPE involving degenerate fields

The three-point structure constant and the reflection coefficients can also be obtained from
the property of degenerate operators. The technology was first invented in bosonic Liouville
theory in [H] (see also [fq).

We first study the OPEs involving degenerate operators. The operators Vj\ld/ ]%7[ and

VJ\IZ/ ]\27[ are the most important, because any other degenerate operators descend from their

products. When multiplied on a generic operator V,{Lm, they should satisfy the OPE for-
mulae

1 AMm+1F(2j+1) 4Mm+1F(25+1)

. _ .1
3 j i (Mrm—Mm) o - J+3
Vi GV (22) ~ e® 219 219 + m+M,m+M(22)’
+
k . . _ 2Mm | 1F(2j4+1) 2Mm | 1F(2j+1) ik
2 J T (Mm—Mm T3 Sk T3 ~ Jts
VMM(ZI)me(Z2) ~ ek ) E 212 212 Civm—l—u,m-i—ﬂ(Z?)
+

o (Mm—Nm) Z R F kM) N M) 5 1 (+1,£)

Z12 12 m+M:F%7m+M:F%(Z2)- (262)
7

where the coefficients Cy, CN'iJ are functions of (M, M;j,m,m). Remember that j = 1/2
operator must have M, M = £1/2 in order to belong to a degenerate representation.

Throughout the paper we use the un-tilded or tilded letters (like C' or é’) for OPE
coefficients involving j = 1/2 or j = k/2 operators. The suffix + indicates the channels in
which j quantum number changes by +1/2 or +k/2, and | indicates the channels where
the s quantum number changes by +1.

The OPE coefficients can be calculated by the standard perturbative argument. The
idea is that these finite number of terms in OPEs are the contributions from poles in three-
point correlators, so are calculable as ordinary Wick contractions with some insertions of
screening operators. We should use the two screening operators contained in the original
action as perturbation terms

- k — S Epti ki —JEe—;
wS + S = _ZE /d2ze \/EQH_ m_ /d2ze 56-ill (2.63)
as well as the other (D-type) one,

~ [ - - _ 2

iS = 4ﬂ / d?2(p - — iV2kO0) (Pt — i\/2k86)e_\/gp. (2.64)
s

The OPE coefficients are calculated as the ratios of three-point functions and two-point

functions both of which are diverging, so that we only have to take the ratios of the residues.
For example,

( —j—3/2 vz i 0
Co (MM; jmin) = e~ FMm=Mm) jy, 2 —m=l2mmid/2 12,212 M (g gr)
+ ) = 372 VIti2 = b\
( —m—1/2,—m+1/2 m+1/2,m—1/2>
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In the same way, C_ is calculated as a Wick contraction with one screening operator ﬂg

inserted:
—ii j=1/2 1/2 j
C_(MM; jmm) = e~ & Mm=0m) 3, (-AS)V, 12, -mi1/2"1/2,1/2Vimm)free
B ’ 1/2 1/2
<Vfr]n 1/2,—m+1/2 r]rL+1/2m 1/2>free
= — (=2 )y (B (E) (m — 25 M) (R — 25 M). (2.66)

The coefficients éi,I are also calculated as Wick contractions with some 1S, 1S inserted.

Cy (MM; jmm) = 1,

Fl+j-mIQ+L-—MT(—j-,+m+M-1)
(—j+m)I (-5 +MT2+j+E5-m—-M)

TA+j+mI1+E2+MID(—j—5-—m-M-1)
I(—j—m)D(—% —~MTE+j+5+m+ M)

. - . . . PA+j+mI(1+5—m)

C_(MM;jmm) = k*upy (=25 — 1)y(1 + 25 — k) T+ )T —m)

y T(—j+5+m+MI(—j+%—m-M)
TA+j—-24m+MTA+5-5—m—M)

C'T(MM;jmm) = k,ue%r(m_erM_M)

)

CE(MM,ymm) = kﬁe—%’r(ﬁl—m-i-M—M)

)

(2.67)

Here we restricted to operators which are not spectral flowed, but the OPE coefficients
depend on the labels s, § at most through cocycle factors. These coefficients are all obtained
by the repeated use of the formula

(1 +p)r(-a—B-1)
AL (a+B+2)

5 T+
(-

/szzaZa(l 21 -2 =n (2.68)

Setting u = 1 = vs and combining the OPE formulae with the reflection symmetry
we find that the reflection coefficients are given by

V%Hru+j_mwu+j+mﬂwﬁj—nﬂ—%§)
D(—j —m)l(=j+m)  I(2j+1)0(3%EL)
Re(j) = 2 +1+5 (2t (2.69)

R(jamam) = -

consistently with the expression obtained from three-point structure constants. At the
same time, we also find the relation between coupling constants v and fi:

v =i (b). (2.70)
3. N=2 Liouville theory with boundary

Now we turn to the analysis of the theory in the presence of boundary. As boundary
conditions we only consider those preserving a half of superconformal symmetry of the
theory without boundary. The simplest worldsheet with boundary is the upper half-plane
or the disc, through the analysis of which one can classify all the possible boundary states.

Following the recent works on the boundary Liouville [J] and N = 1 super-Liouville

theories [[J, [[3], we first analyze the annulus amplitudes using the modular transformation
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property of characters of N = 2 superconformal algebra. They have been studied in some
recent works [[[4], [, [7] and [[L§, [[d], but let us analyze them carefully, taking the proper
account of the quantization law of #-momentum/winding number.

On the theory on the upper half-plane, there are two classes of boundary conditions
on the real line:

Actype : T(:) = T(3), TE(x) = =70TE(3), J(z) = —J(3),
B-type : T(2) = T(2), TZ(2) = e*™TE(z), J(z) = J(2). (3.1)

where a denotes the angle of R-rotation by Jy =+ .Jy. Both of them preserve a copy of N = 2
superconformal algebra. By a conformal map that transforms the upper half-plane to the
unit disc, they are transformed to the condition on boundary states. For A-type boundary

states it becomes,

0= (A%|(L, — L_,), (L, — L_,)|A%) = 0,
0 = (A%|(Gf 4 ie®?™eGT ), (GF — iet?™eGT )|A%) = 0, (3.2)
0= <Aa|(Jn - jfn), (Jn - jfn)|Aa> =0,

while the condition on B-types is
0 = (BY|(Ly — L_p), (L, — L_,)|B%) =0,
0 = (BY|(GE +iet?™eGE,), (GE —ie*?™GE)|B*) = 0, (3.3)
0 = (BY(Jn + J_n), (Jn +J_n)|B®) = 0.

D-branes are described as boundary states, or the solutions to (B.3) or (B.3) supporting
a well-defined spectrum of open string states. Ishibashi states form the basis of solutions to
the boundary condition, and are constructed by summing up all the descendants of a single

primary state. We define A-type Ishibashi states by (here we use hy = W, qo = 2Tm)
(Al =
_gm(%we)wa‘(ﬁ T e T e P T
¢ L 2ho — qo 38 3 2ho + qo 3B 3P ’
je 2 ie?re ~ (8,8)y o~ 2mia(32+50)
R e Gy Gy 1) VB 2mial e
< - 2ho —qo 3B 2B + 2hg +qo —2 8 —2HB " > Vanss )¢ ’
(m+Bekz) (3.4)

and B-type Ishibashi states by

(Biim,sl =
- —2mio - 27m'a
—27rioz(2Tm+ﬁé) Vj(ﬁv—ﬁ) 1 e G+ G— G- G+ o
e < m,—m ’ +2h0_q0 —+ﬁ 27h0+q0 %—5 %—ﬁ—i_ 5
|1 Bjim.g) =
2'6727ria _ ie27ria . om R
e — Gt G- - G G VJ(ﬁ7 —27rza(T+ﬁc)’
< T ok —qo ~3-8"-3-8" gt o -5+8 > | e
(m € 37) (3.5)
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Note the restriction on m arising from the #-momentum/winding number quantization
V#L(ﬁ;ﬁ ) can be transformed to V (B+n,f+n)

m—n,m—n
multiplication of supercharges, there are proportionality relations between Ishibashi states

The same holds also for B-type Ishibashi states. In this paper we only consider the Ishibashi

law. Note that, since for any integer n by a

states lying in continuous representations (j € —% + iR), and set their normalization by
the formula

(A ple e T D|AY L)

b0 {60 + 7+ 1) + 6 — 7RG, M)} X ,5(7er 0! — 1),
(BS,, gle™eLotbom) B’ oY)
= 27T 0m4m’ 0 {5(i(j +3 4+ 1)+ 686 — §))R(5,m, —m)} Xj,m+8,8(Tes o —a), (3.7)

where R(j,m,m) is the reflection coefficient for bulk operators, and x;mg(7, ) is the
N = 2 character for continuous representation

2 (2j+1)?

2
Ximp(ma) = ¢~ a0 T B BY (o + B, ryn(r) 7, (3.8)

with ¢ = ¥, 2 = e¥™  §(v,7) is Jacobi theta function and 7(7) is Dedekind eta
function; see the appendix for their definition and modular transformation property. It
follows from this that the character is periodic in 8 with period 1, corresponding to the
equivalence of Ishibashi states (B.9).

D-branes are expressed as suitable superpositions of the Ishibashi states. We call
them as A-branes or B-branes, depending on the choice of boundary conditions. A-branes
are point-like along #-direction in the sense that they source closed string states without
winding number along #-direction. Similarly, B-branes are winding around 6-direction.

We will also consider the spectrum of open string states or corresponding boundary
operators between two arbitrary D-branes. We will restrict our discussion mainly to those
between the same type of branes. We will later consider the boundary primary operators
labelled by (I,m, s), and denote them as [B,lfbs)]XX/ making explicit the dependence on two
D-branes X and X’ they are ending on. Similarly to the bulk operators, the boundary
operators also obey certain quantization law of momentum or winding number along 6-
direction.

Let us first consider the open string states between two A-branes. Since A-branes
are not wrapping around S!, they do not carry #-momentum. Therefore the open string
states with both ends on the same A-brane only have quantized winding numbers, m € Z.
(Later we will see a mild modification to this.) For a generic pair of A-branes it will be
shifted as m € Z + 9, but it should still be integer-spaced. The index s should also be
quantized. Generic A-brane satisfy the boundary condition twisted by «, and the open
strings stretched between two A-branes labelled by « and o' are in the (a—a’)-th spectral
flowed sector. This can be understood in the following way. If we put a boundary operator
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at the origin and A-branes with labels (a, ') on the negative and positive real axis, then

we obtain
TFi(ZGQM) _ 6:|:27ri(a—a/)TFi(Z), (3.9)

indicating that the boundary operator should belong to the spectral flowed sector. One can
argue in a similar way for B-branes, so the quantization laws are summarized as follows:

(3.10)

m

(BT, | X, X' A-branes = m € Z + 6, sEZ+a—d,
X X, X' B-branes = m+s€kZ+0, s€eZ+a—d.

One can immediately check the compatibility with the superconformal symmetry: if a

primary operator connects two D-branes, so does any of its descendants.

3.1 Modular bootstrap for A-branes

From the previous discussion we expect that the open string spectrum between two A-
branes involves summing over m quantum number with unit periodicity. Based on this, we

propose that

the open string spectrum between A-branes is a sum over integer spectral flow.

This means that the presence of [Bi,gs)]§, implies the presence of [B%Hn)]%, for any integer

n. This is proved in the following way. Consider an open string state between two A-
branes labelled by «a, a’. Its s label has to satisfy s + o/ — « € Z. Now rotate one A-brane
adiabatically so that « increases by one. The A-brane labelled by « should come back to
itself up to an overall phase, so the open string spectrum in particular will not change by
the unit shift of . On the other hand, during the adiabatic process the s label of each
open string state increases, and is shifted by one in the end. This means the invariance of
open string spectrum under integer spectral flow. So the open string amplitudes between
A-branes involve characters of a large N = 2 superconformal algebra which includes integer
spectral flows. Note that the sum of characters over integer spectral flows is equivalent to
the sum over integer shifts of m quantum number, due to the periodicity of the character
Xj,m,3(T, &) explained before.

Let us start with presenting several useful formulae for later calculations. First, we
will frequently consider the sum of characters spectral flowed by integer amounts. So let us
work out the modular transformation law for such quantity here. Using the Gauss integral

and Poisson resummation formula one finds

—omi _4ni(M+n)B
e 2miaf3 Z € k XJ,M—l—n,n(ToaB)
nel+a
. . _4AmiMm | i o .
=—i Y | die TR PREENEI G (e, —a). (Co={—3 +iR}) (3.11)
mG%Z Co
Next, let us present a formula involving characters for chiral representations.

XoMa(TB8) > (Xt ar st (7 B),

1+ e27ri5in(J+%) 16750
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beld) o S (Y gparal ) (3.12)

1+ 6727Ti5q*Mi(J+§ leTmy

3.1.1 Identity representation

Of all the boundary states satisfying the A-type boundary condition, the most important
is the one corresponding to the identity representation, (Aj| and |A};)). We start from the
fact that the annulus amplitude with both ends on it is given by the sum of the character
for identity representation over integer spectral flows.

_ <A[01,}/3|6i7rTc(Lo+LO*ﬁ)|A[0ﬁv—/3>

_ Z ya’—a—% XO,WTL(TO? ﬁ)(l B qO) (y _ eZﬂ'iﬁ)

1 1_
n€Z+a—ao! (1+ ng+n)(1 +y~1qs n)
_2n
_ Z (_)l Z ya —a— {Xﬁﬂ n+&n (70, B) _X%,n+%7n(70,ﬁ)}. (3.13)
l€Z>0 n€l+a—ao!

The open strings are in the (o — o/)-th spectral flowed sector. In the second line, the
powers of y in the sum is chosen in accordance with the periodicity of the label o ~ o+ 1
of boundary states. It therefore follows that, when the closed string states are chosen from
(8, B)-spectral flowed sector, the trace over open string states should be taken with the
phase e2™F  where F is defined by

FIBY"] = n—a+d = JHBI"+d —a-22, FIGF =+1. (3.14)

After the modular S transformation, the annulus amplitude is expressed as a sum over

closed string exchanges,
Z=-iY (-) / 43 R
1€Z>0 © mipetz

{efiwl(2m+2j+1) _ efm(szzjfl)} Xims.5(Te o — )

isinm(2j + 1)sin £(27 + 1) /
K ' - 3.15
/CO ’ +§k 2sin(j + m)wsin(j — m)w Xjm+8,8(Te, @ — ), (3.15)

where ~ means the equality up to possible emergence of discrete series states from chang-
ing the order of [-sum and j-integration. On the other hand, A-branes are written as

superpositions of A-type Ishibashi states

(A ’6‘ = Z / 2mU[1 —1,—m, =B) x(Aj,, 5l + (discrete reps.),
m+6€

’Aa’6> = Z /c 27” AF ) x Upy(=j —1,—m,—pB) + (discrete reps.), (3.16)
m+6€

the wave function for the identity A-brane Ujy)(j,m, 3) has to satisfy

U[l](j7m7ﬁ) = R(]amam)U[l](_] - 17m7ﬁ)7

wsinm(2j + 1) sin w

Uy (G, m, B)Uny (=5 = 1, —m, —B) = — (3.17)

2sinw(j +m)sinw(j —m)’

,19,



So we obtain, up to + sign,

. 1 a1 4+54+m)IT(1+5—m)
U ,m, — (kmy3,it3 .
[1](] m, 3) ( 2 )2V (2 +2)F(2g+1)

The wave functions for other A-branes are obtained by considering annulus amplitudes

(3.18)

bounded by one identity and one generic A-branes. In the following we consider five
classes of them, and we label them by the highest weights |J, M) of N = 2 superconformal
algebra. In the following we will simply neglect the contribution from closed string states in
discrete representations, because the wave function U(j, m, 3) for j € —% + R is enough to
determine the disc one-point function of bulk operators completely under the assumption
of analyticity.

3.1.2 Non-chiral non-degenerate representations

The first example we consider is the A-brane |A[ J, M}> corresponding to the Verma module
over highest weight state |J,M). The annulus amplitude between this and an identity
A-branes is given by a sum of characters over integer spectral flows,

«a 1T, o o —a—2 n
(A |ermmebottoim) | g oy = Ny T My (T, B)
neZt+a—ao'
i) / s ,5(7e, @ — a)e™E D cos{Z (27 4+ 1)(27 + 1)} (3.19)
m+ﬁe’“z

From this we obtain

4niM

U[l} (.]’ m, ﬁ)U[J,M](_] - 15 -m, _ﬂ) =me K (m+5) COS{%(Z]' + 1)(2J + 1)} (320)

The wave function for this A-brane thus becomes
I (—2j)r(-%H)
D(=j+m)I'(=j —m)

e (mth) cos{ (27 +1)(2J + 1)}.
(3.21)

Uy (G, m, B) = (?ﬂ)é’/ﬁ%

3.1.3 Non-chiral degenerate representations

When J = J.s = 3(r — 1+ ks) (r,s € Zso) the Verma module over |J, M) has a null
vector at the level rs, and an irreducible representation is defined by the subtraction of the
null submodule. Denoting the corresponding A-brane by ]A[ Jr.e,M])> the annulus amplitude

between this and the identity A-branes becomes

(AR oo ot AR R )

= Z yoz oz——(M—i—n {XJr,s,M—l—n,n(Tm ﬁ) - XJ—T,S,M"'?’LTL(TO? ﬁ)} 5 (322)
nelZ+a—ao!
from which we obtain, in the same way as before,
F(—Qj)F(—L];H) AmiM
- : ek
L(=j+m)I'(=j —m)

] P S N
Upgyonny (G m, B) =—2(2£) 2172

(m4) sin W sin(2j + 1)sm
(3.23)

From the momentum quantization for bulk operators m + 3 € gZ it follows that the

label M has period 1 for these two classes of branes.
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3.1.4 Anti-chiral representations

When the highest weight |J, M) satisfies J — M € Z>(, then an irreducible representation
is obtained by putting

0=G", 1 G 4G L), (3.24)

The case J = M gives an anti-chiral representation, and other cases are its spectral flow.
Denoting the corresponding A-branes by ]A[ J,M]-), the annulus amplitude between this
and the identity A-branes is calculated as follows:

, T Te Lo—-< - —a—2 XJ,M+n, (T 7ﬁ)
gl By - S et SaMenam0) (o
n€lZ+a—a’ 1+ y*1q§

From this we obtain

Uag-(Gim, B) = iSkm) 20/t ae 5 (mOn(—g5)1 (- 25
" {eiw(m+j)+%(2j+1)(2J+l) r( it m) _in(m—)— £ i+ L1 +J - m) }3-26)
I'(=j+m) I'(—j—m)
3.1.5 Chiral representations

Similarly to the above, when the highest weight satisfies J + M € Z>q the irreducible
representations are defined by the null vector equation

0=G*, |, . ---Gf%Gf%|J,M>. (3.27)

M—3

They are chiral representations or their spectral flows. The corresponding A-branes are
denoted as \A[ J, M}+>, and from the analysis of annulus amplitude we obtain

U+ (G m. B) = i(8km) 217+ 3e "8 (MO (—95)T(— 2 (3.28)
" {ein(—m+j)+%(2j+1)(2J+1) PA+)—m)  irm—j—@+nen LA+ 7 +m) } _
[(—j—m) L(—j+m)

Taking the quantization conditions on M and m + 3 into account, one finds that the
wave functions for (anti-)chiral A-branes are independent of M. We can also check the
following equivalence as required from representation theory:

’A[J,iJ}$> = const. X ‘A[j,:':j}i> (j =—J-1- %) (329)

3.1.6 Degenerate chiral representations

When J £+ M are both nonnegative integers, the Verma module has two independent null
vectors defined by (B.24) and (B.27). By setting them to zero we obtain an irreducible
representation which we call as degenerate chiral. The corresponding A-branes will be
denoted as [A[jpsjac). The calculation of annulus amplitudes involving them is a little
complicated. By a little thought one finds that the representation space is spanned by the
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following vectors

J+M
- + + +
EB {polynomlal of Lp<_a, Gr§$p73/27 Jng—l} G7p+% "'Gngf% |J, M)

polynomial of L,<_s, Gri<73/2, n<— 1} |J, M) (3.30)

p=1
*{
J—M

&) @ {polynomial of Lp<_2, Gri<ip73/2, Jng—l} G:erl -G 3G |, M).
p=1 - 2 2 2

So the character for this representation spectral flowed by « units is given by

. p LO__ M+J (N1+a)2 ](,+1)+(p+a) < p 1+yqn+ +p+a)(1+y lqn+2 —p— a)
riy"q = > q H T
M—-J >1 q q
p= n
M+J _2M

— Y~ F XaMraptalT, 8)(1 ) (3.31)

oy (L4 yga Py (14 y=1g27Pm2)

After summing over spectral flow we obtain the annulus amplitude bounded by \A[ J,M]de)
and the identity A-branes:

Z — <AC|{ 6|627TTC(L()+L()—— |AJMdC>
M+J
— Z Z ya'—a—%(M—I—n) XJJWlJrn,ner(T, ﬂ)(l - qg) . (3.32)
neZta—ao p=M—.J 1+y2 ™1 +y g 2 Py

The wave function thus becomes

g 1 PA+j —m)I(A+) in{(2J 4+ 1)(2j + 1
U[JM}dC(j,m,ﬂ)—64 kM( +ﬁ)(77r)1y+% ( +7 m) ( +]+m)81n{k(2' j_ )( J + )}
| F(21+2)F(2]+1)sin(]: )

(3.33)
These A-branes |A[;ac) are also independent of M, and labelled by a single positive
integer n = 2J + 1. So we also denote them by |Ap,). The case J = M = 0 corresponds
to the identity A-brane |Ap;) analyzed previously.

3.2 Modular bootstrap for B-branes

One might expect that the wave functions for B-branes are obtained through a similar
analysis of annulus amplitudes, but it turns out not the case.

Based on the free field picture, we found that the boundary operator [Bi(f)] between
B-branes satisfy the momentum quantization law m + s € kZ + const. So the annulus am-
plitudes as seen from the open string channel should be sums over characters labelled by
(I,m, s) with the above constraint. However, the simple shift of m by kZ is not an isomor-
phism of representations of N = 2 superconformal algebra, especially for irrational k& and
(I,m, s) belonging to chiral representations. The simple mixtures of chiral and non-chiral
representations will not lead to annulus amplitudes with nice modular transformation prop-
erty, i.e. they will not have a sensible closed string channel interpretation. In particular,
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for irrational k, it is difficult to think of spectrum of open string states between identity
B-branes. If there is no identity brane, then the modular bootstrap analysis for B-branes
will not be as powerful as it was for A-branes.

For A-branes, the periodicity under R-rotation o — a4+ 1 was the key in finding the
correct open string spectrum. However, for B-branes this does not seem to yield any useful
information on which representations to sum over. Consider an open string state labelled
by (I,m,s) and stretched between two B-branes, and what happens to it when one of the
B-branes is R-rotated once in an adiabatic way so that it returns to itself. s will increase
by one as before, but this time m will decrease by one as well in order to meet with the
momentum quantization law. The new state is related to the original state by the action of
supercurrent (2:23), so the two states are within the same representation space of boundary
superconformal algebra.

When £ is an integer, there is a candidate for open string spectrum between identity
B-branes, because then the sum over kZ shifts of the quantum number m + s can be
interpreted as the sum over kZ spectral flows. This is expressed in terms of characters as
follows:

d] ’L‘Il' 2 4miMm
j+1)(2J41)— =21
g / (2 ) k Xj,m,B(Ta —Oé)
Co?

mes Z+5
_ 903 dmiBM
_ Z e 2mica3 5 XJ,MJrnJrOha(TO’ ﬁ)
nekZ
keZ —omic _ 4miBM
= Z g~ 2micaf k XJ,M+n7n(7'07ﬁ)- (3:34)
nekZ+o

The sum over kZ spectral flows of identity character has a nice modular transformation
property. Although this might be extended to the cases with rational k by a suitable
orbifolding, we will continue to focus on integer k.

Let us go on and see whether we can re-write the annulus amplitude and obtain an
analytic expression for wave function in consistency with the reflection relation of bulk
operators. Denoting by T}y (j, m, 3) the wave function for the identity B-brane, one finds

ﬂl}(j7m7ﬁ) = R(j7m7 _m)ﬂl}(_j - 17m7ﬁ)7

: , . m(2541)
msin (25 + 1) sin ==

2ksinm(j +m)sinw(j —m)’

Note that R(j,m,—m) = ™™ R(j, m, m) under the quantization condition m € 1Z. The
first equation is solved by

. a1 4+j4+mIT(A+5—m
Ty (j,m, B) = (5)vi*3
[1](] m, 8) = (5)v (2 +2)F(2]+1)

) {T(j) FeRmmp(_j 1)} (3.36)

and the second one yields

~ A

NI (—j—1)=1, TGH)*+T(—j—1)>*=0, (3.37)
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which has no solution at j = —1/2. This shows that there is no analytic wave function for
identity B-brane even for integer k.

This result seems in contradiction with the known classification of B-branes in minimal
model, where we do have identity B-brane. Naively, Liouville theory would have to have
the same set of B-branes as in minimal model when k is sent to a negative integer. This
apparent contradiction is due to the consistency with reflection relation we imposed on
B-branes. Minimal models are theories without continuous spectrum of representations,

)

relations. Classification of B-branes in such models therefore needs a different treatment,

and we only consider bulk operators V,f,b(f;,f with 2j € Z>(¢ and do not care about reflection
and the modular bootstrap analysis should work.

We will not go into any more detail on these special models since irrational models
with continuous spectrum are of our main interest.

4. One-point functions on a disc

Here we derive the wave functions for boundary states using Ward identity of disc corre-
lators containing degenerate fields. We will see that all the wave functions for A-branes
obtained in previous section satisfy the constraint arising from Ward identity. For B-branes,
this is the only way available for obtaining wave functions.

The main idea of this analysis is the application of the techniques invented in [{] to
disc correlators. The analysis along this path has been done in Liouville theory in
and N = 1 super-Liouville theory in [[3, [J]. For N = 2 Liouville theory, relevant disc
correlators have been partially analyzed in [I6, [[7].

4.1 A-branes

The wave functions U for various A-branes were defined so as to agree with disc one-point
structure constants. Namely, the one point function of bulk operators on the upper half
plane is given by

(Vo (2,2)) 4 = |2 = 217 UG, m, 8)6mm s (4.1)

A powerful constraint on U can be derived from the conformal bootstrap of disc two-point
function involving degenerate operators. In the following we study those containing j = 1/2
or j = k/2 degenerate fields. We will use the OPE formulae of bulk operators involving
Jj = 1/2 and j = k/2 operators (R.6(), (R.67), as well as the expressions for reflection
coefficients for bulk operators (2.69).

4.1.1 (VY2VJ) for A-branes
We start with the following correlator

2

) (4.2)

201

(Vi GoVal(z)) = lzoa| 0o PP (2), (=5, 2= |28

2_ (s . . .
where hg = 4";; 3 hy = w + % anf does not satisfy the quantization law for

f-momentum and winding number but is perturbatively well-defined. F(z) is a solution
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of a certain differential equation that arises from superconformal Ward identity, and is
expressed as the following integral

1 1 m n n
1—2)"% | dt|t|*|t — t—1|% ¢ — - . 4.3
R B e § ST

This expression is easily obtained from the free field realization as a correlator with one

an J

F(z) ==z

screening operator (denoted as ,&S previously) inserted. The cross-ratio z takes values in
0 < z <1, so we divide the real line into four segments

(0) [=00,0] (1) [0,2] (2) [z,1] (3) [1,00], (4.4)

and define F;(z) by the t-integration over the i-th segment. Then the s-channel basis
diagonalizing the monodromy around z = 0 is given by F} and Fj:

]’CF 2‘7+1 mn—j
O f ) B = Fie) ~ 2
{m+2n(j + 1)}1“(%)1“(—]7)
(1+ 3 ) gy () ~ LT (4.5)
(m —2n/)L(GHT(%)
F(z) in ({.2) should therefore be written in terms of them as
:ZCi(n,n;j,m,m)U(j:I:%,m+n,s)Fi(z). (4.6)

+

The t-channel basis diagonalizing the monodromy around z = 1 is given by

F(_z) t 1
_mr(%)r(lc_%)ﬂ)(z) = Fi(2) ~ (1-2)7%,
INE )
nr(%()kr)(%)FZ(Z) =FL(2) ~ (1-2)k, (4.7)
and the two bases are related via
IRy (1.8
2y, = — M- 2”1>r<%> . - kL (1 = 2j+1>r<—%>
L 2P+ 24;1)P(%) L 2T+ 20 (— %)
T (- 2m)r(+ 2 B (m — 2nj)L ()T (—4) o)

1/2

The term proportional to F! in the t-channel represents the operator V,,, approaching
the boundary and turning into identity operator:

VI2(2) = un)|z — 2% + - . (4.10)

n,n
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We thus obtain the following recursion relation for U:

u(n)U(j,m,s) = in_Ci(nn,jmm)U(j + 1, m+n,s). (4.11)
+

or more explicitly

u()l(=3) U(j,m,s) gipy 24D
V%F(—%) U[l](jamas) k
U(] + %7m+n7 S) sin (2j+2)7 U(j — %7m+n’ S) 2jm

= ; + , sin <%, (4.12)
U[H(]—F%,’I’I’L—{—TL,S) F U[l}(.]_%,m_{_nas) k

The wave functions obtained in the previous subsection all satisfy this constraint with

1
QVEF(_g) 4AmiMn T
upga)(n) = r(—l)k e cos RIHE (4.13)
k

for all branes labelled by [J, M] (non-chiral non-degenerate branes, degenerate branes
[Jrs, M], chiral branes [J, M]* and degenerate chiral branes [J, M]9).

4.1.2 (V¥/2Vi) for A-branes

We can derive another recursion relation from the two-point function involving j = g
degenerate representation. Consider the following correlator on a disc:
k/2 i(s,8) _ ,—2ho ,—ho—ho—hi+h1 ho+ho—hi—h1 ho—ho+hi—h1
<Vnﬁ (ZO)me (Zl)> = %01 “15 211 251 F(Z) (414)
2
where z = |22 and

_n2_k+t2 § _ A2 _ k+2
ho =" =" ho="F—"1",

[

hy = (m+s)2k—j(j+1)+§, hy = (m+8)21;j(j+1)+§- (4.15)
The conservation of R-charge requires
n+m=mn-+m. (4.16)

The function F is expressed as a contour integral of the form

2nm _ 2nn _ k
2

F(z)=2"%F 71 —2)""% / dwdid|w] ™ |w — z’§+n’w _ Hg—ﬁ
c

|l — 2|2 — 12w — @) R (4.17)

This can easily be derived using free fields and screening operators, and is shown to satisfy
the Ward identity. Note that the solution is unique except for the choice of contours: at
first sight it would appear that by flipping j to —j — 1 we would obtain a new solution,
but it is actually not the case. As in the previous paragraph, we assume z to take values
in 0 < z <1 and divide the real line into four segments. Different contours give different
functions, and we denote various functions as follows:

Fli(z) = {0<w<w <z}, Fpykz)<{0<w<z<w<l1}, etc (4.18)
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The basis of contour integrals in the s-channel that diagonalizes the monodromy around
z = 0 is given by the following six:

Fﬂ’

Iy, Py, Fygo Frgs Fig, (4.19)
but only four linear combinations out of them are indeed the solutions of differential equa-
tion. The reason for this is that, since the integrals are along segments, one must always
worry about the boundary term when checking that these integrals indeed satisfy a dif-
ferential equation. A simple way to analyze this is to see whether one can replace the
contours ending on points 0, 1, 2,00 by those encircling them. For example, F; might fail
to satisfy a differential equation due to the boundary w = 0,w = z and w = 1, = oo,
but this is not the case since one can replace the contours by those not ending on those
points. Such replacements of contours are not possible for F; or Fj,, but a certain lin-
ear combination of them does have a closed contour integral expression. In this way
one finds that there are only four solutions as listed below: (in the following we denote
s(x) = sin(mzx), c(z) = cos(nz))
D(—j— &4 m4+n(—j—£—m—n)(-2))
Fi = — 2 ‘ = s(b —a)Fs +s(& +7)Fy, ),
+ WP(—j—i—m)P(—]—m)r(—Qj—k—l) { (2 ) 33 (2 ) 33}
T(1+j—Etmen)D(1+j—E—m —n)D(2j +2
a1+ j+m)I1+j-—mI'(2j—k+1)

T2+j+5—m-nlA+E&—j—m—n) "
; P— —~ 413

T1+j-mI(—j-mIT(1+%-—nI(1+5%-n)

T+t E+mAnT(+E— i+ m+n)
L1+ +m)T(—j+m)I(1+E+n)T1+£+na)

)

Fis. (4.20)

They form the s-channel basis of solutions with the asymptotics

2nm . 2nm . 2nm | k 2nm | k
FS ~2™h 0 FS ~pmi T Ff ~ 2k tg—montl F} ~ Zok TatmAntl g 97)

)

These asymptotics are easily derived by using the function Gy and its properties summa-
rized in the appendix. F(z) in (4.14) should therefore be expressed as

¢ im(ho-tha) = (nm—sm) oy > Ci(nn; jmm)U(j + &, m+n, s)F3(2) (4.22)
+

—|—ZC~'I(nﬁ;jmm)U(j,m—|—n:F Eri1,s+ DEF(2).
!

On the other hand, the basis in the t-channel diagonalizing the monodromy around z = 1
is given by

Fofw F()O’ FQQ’ Fi2v F

03> Foa- (4.23)

The two bases are related as follows:

s(j—m)s(j+m) 7 s(j —m)s(k+j+m)

By = FOGs(k)s(k:—i-m—m) 00 s(k)s(k + m — m)
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sl sl - M) TE Fois<m (e
Fo= -k OOS(i(Z)ZLS(—knt j—;h) e, if%s(? Evjzj—nn?)

—{s(& — )Py +s(5 +7)Fy } —S(g( —n o+ (ks(i;f);()] (;nm)m),
Fap = Foo ss((}i);(;n)—s (%ZLT:L)) oo (Z(Z)Wz/)ﬁ (kT; ijn;n)

~ {s(h + )Fyg 5l ~ )P} nj")m) T e L
Fas = Fos S(§<2>:fisf m iv_n) T+ Fi ss((Z):(Zf Efz - nn?)

oot ) i Fo@s&(-%w?)"ii‘i;m)m)

. (i el — ) (- m)s(g iy

025l —m)s(h -+ m— ) | sk = m+ m)s(m — )’

Fio = Z)_(if)’_m) P e )

S s(nj (—g Zﬁ?jﬂ_?ﬁ) my ol - . nt)sz(imm) ' (424)

The t-channel describes the degenerate operator Vfﬁ/Q approaching the boundary and de-
composing into a sum of boundary operators. To derive a recursion relation for the one-
point structure constants, we would first be interested in the terms proportional to the
boundary j = 0 operator. They should behave like ~ (1 — z)anTﬁJr%H and are propor-
tional to F,; or Fs,. Very surprisingly, those functions do not appear when we express
the functions F{, Ff in terms of t-channel basis. Therefore we have to focus on the terms

proportional to

Ft — P(L+m—m)I'(k+m—m+2)F, -~ (1_Z)—2"Tﬁ+§—n+ﬁ+1,
PTG +m+ (=i —m)TE —n+ )P(E 474 1)
Ft — P(l —m+ m) (k m+m+ 2)F ~ (1 _ Z)fQ"TﬁJrngnfﬁJrl (4.25)
YT m A DD+ M5 0+ DTG — 1)
which correspond to the terms in the self-OPE
nn - k
Val?(2) = [o = 2 H T (0, m) B2 L (2)
n—n—5—1
nn = kEo_
+|Z _ Z|*2T+%+nfn+1al(n,ﬁ)BZ( i) +1(Z) + ... (4‘26)

We will also have to consider the bulk-to-boundary propagators for some special case:
<Bk/2(i1) (x)vj(fys) (Z)> — ‘Z _ Eth*hlfﬁl (.7] _ Z)Blfhlfhg (.7] _ E)hlfﬁlfhg
xd(m —m+nx L £ 1)UF(j,m,m). (4.27)
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(n£1)2
k

where hi, hq are the same as before and hy = — %. The s/t-channel bases are related

as follows:
F? = o 4I'(=m+ m)F{ +a I
F? =2z 4I'(—m+ m)F{ +a_ T

m—m)F{ +---,
m—m)F{ +---,

Py

428
FTS = xTTF(—m—i—m)FTt —i—m”F(m—m)Ff + - ( )
F} = apyT(=m+m)Ff +z T(m —m)F} +---,
o F(-1—k-m+m)I(—j— 5 +m+n)(—j— 45 —m—n)(-25)
T T mN(j (S D D (-2 k- 1)
N _P(l—k-—m+mT(+j—5+m+n)l(1+j—5§—m—nl(2+2)
f T(1+j—m)(1+j+mT (=% +n)D(=& —a)T(2j —k + 1) ’
N :r(—1—k—m+m)r(2+j+§—m—n)r(1+g—j—m—n)
i T(1+j—m)(—j —m)T(1+% —p)T (- —n) ’
I(-1—k-m+mI2+j+E+m+n)I(1+5—j+m+
x”:( m+mIQ2+j+s+m+n)lA+5—j+m+n) (4.20)

T(1+j+m)(—j+m)(1+ & 4 p)D(—k +n)
The coeflicients x4 |, 1| are obtained from x4, 2 by the exchange m < m, n < n.

The basis change law becomes singular when m — m is an integer, which is actually the
case for all the perturbatively well-defined vertex operators ng(m&s). As a consequence, the
solutions of differential equation develop a logarithm at z ~ 1 and signal the emergence of
a logarithmic operator on the boundary. This logarithm can be understood in the following

way. Let us focus on the case m = m, and recall that the boundary operators B,IZ/ 2+1)

with m = F(& + 1) are expected from the representation theory to behave like identity.

2
Looking at the basis change law above, it is expected that B:L/i(;;li
2

approaches identity as
m — 0 with divergent coefficient:
:ﬁ(;i 30 AT (+m) x 1. (4.30)
Since we have two sets of operators (both parametrized by m) approaching the identity as
m — 0, one can define the logarithmic operator by their difference. This is analogous to
the case of the free boson theory of ¢, where we have continuously many primary operators
e'® . %1% have the same conformal weight h = “2—2, except at h = 0 we have two operators
1 and ¢, the latter of which is logarithmic and is obtained by a-derivative.
The above argument also shows that the bulk-boundary propagators (f.27) become

proportional to U(j, m) when m = m:
UE(j,m,m) "= AT (Fm + m)U (4, m). (4.31)
Using this together with (£.23)), (J.29) we obtain another relation between one-point struc-
ture constants:
cdal(n,n)U(j,m,s) = m+IC’+(nn;jmm)U(j + & m+n,s)
—|—:U_IC~L(nn;jmm)U(j - %, m+n,s)
(j,m—i—n—%—l,s—l—l)
Gom+n+Eir1s—1). (432

+xTIC’T(nn;jmm)U
+xlIC’l(nn;jmm)U
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or more explicitly,

(- (k- .
L= i,
kv2T'(—1—k)
= _U(J+§am+nas)+0(]’m+n_g_155+1)
UG~ 5 m4ns)+UGm+n+E+1,5-1),
X ; 2j
U(j,m,s) = - U(J,m, S)S( J) 3 .
U[l](]ama S)S(.] —|—’I’I’L)S(] - m)

clat(n,n)

(4.33)

The wave functions obtained in the previous section all satisfy this equation. The structure
constants ¢!, al(n,n) satisfy

4miMn k

e & kv2l(=1-—k)
(=5 + (=5 —n)

for all A-branes. Note that it vanishes for the A-branes corresponding to chiral represen-
tations [J, M]* and [J, M]%.

C[IJ,M}ﬂ[IJ,M] (n,n) = 4sin{(J + M)7}sin{(J — M)~}

(4.34)

4.2 B-branes

The disc one-point function for B-branes takes the form
(Vo (2 = |2 = 27T (3, m, )5 4m, 00550 (4.35)

where m +m = s+ § = 0 follows from Ly — Lg = Jy + Jy = 0. The functional form
of T is largely determined from symmetry argument. First, since s is the momentum of
bosonization of conserved U(1) current, it is reasonable to assume its s-dependence to be
simply €% for some constant a. Then the boundary condition on supercurrents T = Tbjf
require

D(=2j)0(=25)
I'(=j+m)l'(=j —m)

T(j,m, s) = 9t Ty (j, m) (4.36)
where some functions of j were put for later convenience, and Ty is periodic in m with
unit period. Noticing that m € %Z for perturbatively well-defined operators, one finds
such periodic functions are proportional either to 1 or e2™™. Writing Tp(j,m) = T'(j) +
> (), one finds T(j) = T(—j — 1) from the reflection relation. Thus all we are left
with is to determine an unknown function 7 (j) in the ansatz

) = eia(ers)VjJr% F(_Qj)r(_Lljl)
L(=j+m)I(—j —m)

T(j,m, s {T() + ™™ T(—j — 1)}. (4.37)

One might think of other ansaetze, but they all reduce to the above one under the condition
m € %Z. For example, the ansatz

eia(ers)VjJr% F(l + j + m)r(l + j - m)
(25 +2)I'(3H)

T(j,m,s) = {f(G) +e*™mf(—j—1)}  (4.38)
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is related to the previous ansatz by

; ne ~2(2)s(*)

1) £ T(j = 1) = —7 = L () + (=5 = 1), (439)

The analysis of the disc correlators for B-branes proceeds in a similar way as for A-branes.
First, the disc two-point function containing j = 1/2 degenerate operator takes the form

Y (a40)

201
201

(VA2 (20)VES D (21)) = |zg1| 0|21 [P0 M (z), (n=41, 2=

where F'(z) is the same contour integral expression as for A-branes,

an 2mn—j 1 m n n
F = 1—2)"% [ dt|t|*|t — t—1|% - 7. 4.41
@ =" =k fate-ste-utH { T - )

Using the same bases F{ as before, one finds
= Z Cy(n,—n;j,m,—m)T(j £ 1 m+n,s)Fi(z)
= t(n)T(j,m,s)F" (2) +---, (4.42)
where t(n) is the self OPE coefficient of an/_z ,, turning into boundary identity operator,
V2 (2) = tn)|z —2[F + - (4.43)
We thus obtain a recursion relation for 7"

t( ) .],m S = in Ci n;j,m,—m)T(j:I:%,m—i—n,s), (444)

where x4 are given in (f£g). In terms of T it becomes simple. Introducing

T =T(j) +T(—j - 1) (4.45)
one finds e
ﬂgﬁ:ﬂu+a—ﬁo—a,q:g?%%% (1.46)
etyzl(—¢

Next, the two-point function containing j = k/2 operator is

n 210

(Vk/Q ( )VJ(S S)( 1)> _ ZOiQhO 1—0/10 ho—h1+h1Z{l§+ho—h1—h1Zg%—ho+h1—h1F(Z), (4‘47)

2
where z = ‘ig—;‘ and F(2) is the same contour integral ({.17) as was given for A-branes.

F(z) should be expressed in terms of s-channel basis as

eimboh)HEmm=tm) () = N C(n, —is jm, —m)T(j £ & m+n,s)FL(2), (4.48)

because the one-point function vanishes for operators with s + 5 # 0 and therefore we
cannot have terms proportional to C’I in the right hand side. As before, after rewriting

,31,



F(z) in t-channel basis we focus on the terms proportional to Ff which correspond to the
following terms in the self-OPE

k/2 _ ,m E_ k 2(1
Vi) = |z =2 i o, ) B, ()
Flz — gLy ) :/ZTE:)H(z) e (4.49)

The two-point function exhibits a logarithmic behavior at z = 1 when n — n = 0, and we

interpret it as the degeneracy of the following boundary operators:

k/2(£1) m—0 7
Bm$§$1 — cT'(Fm) x 1. (4.50)

Thus we obtain a recursion relation:

CI%T(TL, —TL)T(], m, S) = $+Ié+(n, _n;j, m, —’I’I’L)T(] + g’ m+n, 5)

—i—x_l(j'_(n, —n;j,m,—m)T(j — %, m+n,s) (4.51)

where x4} are the ones given in (29). In terms of T°(j) this can be rewritten as

pole(f) =Te(G+5) +Tu(G %), pTa() =T5(G +5) - T4 -

[STE

), (4.52)

where

il n,—n)l’ —k L (k- n
Po,1 = ( ) ) (k 2 T ) (4.53)
etanky2T(—k — 1)

2n=even,odd

A one-parameter family of solutions to (f.46)), (4.59) can be found easily:

T(j) =exp(2j + Du, ¢=2sinhu, py=2coshku, p; = 2sinhku. (4.54)

Using labels [J, M] instead of (a,u), we summarize the result for B-branes below.

T _ T _]+ 1 4miM (m+s)
) (s my s) = Tor?T2e * L(—j+ m)F( J + m)

% {6%(2j+1)(2J+1) +62wzme—%(2]+1)(2J+1)}

. 4miMn 1 P(_z)
t(n) = 2ie * v2 lf sin{Z(2J + 1)},
I'(=%)
4Trzl\/1n g ( k ) ' ' '
clﬁ(n, —’I’L) _ e _ - (em(QJ-i-l) + 627””6_”(2‘”_1)). (4‘55)
(=3 +n)l'(=5—n)

5. Boundary interactions

Here we discuss the Lagrangian description of various boundary states and possible bound-
ary interactions in N = 2 Liouville theory. Some aspects of this issue have been studied in

3- 17

,32,



In general N = (2,2) Landau-Ginzburg models defined by the action
S = /dzzd“eK(qﬂ,@)+/d2zd0+d0+W(c1>i) +/d2zd9—d0—W(<I>f), (5.1)

there are several ways to preserve supersymmetry on worldsheets with boundary[B3—Bg].
One way is to put boundary conditions on fields ®/; the boundary states are then naturally
associated to the submanifolds of ®7-space defined by the boundary conditions. A-branes
are Lagrangian submanifolds which should also be pre-images of a straight line in complex
W-plane, whereas B-branes are holomorphic submanifolds which are level-sets of W [Bd, B4].
More recently it has been found that the matriz factorization enables one to describe B-
branes in LG models in terms of certain boundary interactions which involve a Chan Paton
degree of freedom [B7, Bg|. In this section we first propose the form of boundary interaction
for B-branes using this approach, and reproduce a few disc structure constants obtained
in the previous section from perturbative computation. Then we make a similar proposal
for A-branes.

5.1 B-branes

Consider as a LG theory of a single chiral field ¢, and assume the superpotential W
factorizes as W (®) = 1 f(®)g(®). Then on the B-boundary[Bg] defined by

2=z, 0T=0T, =6, (5.2)
one introduces the boundary supercovariant derivative
B 0

DY = F0E 070,  (z =Re(2)) (5.3)

and the fermionic superfields I', " satisfying
DPT = g(®), DET = g(®), (5.4)

in terms of which the boundary interaction is expressed in the following way:
1 - _
Sboundary = — Ejédm U d0+d0—rr+/d0+rf(<1>) + /d@‘Ff(cI))] : (5.5)

Using the #-expansion

= XA+07g(¢) + 067G —i00 {9+ V29 (¢) (W +94)}

T =X+0%g(¢) + 607G +i0T 0~ {9+ V27 (¢)(v— +9_)} (5.6)
the boundary interaction can be rewritten as follows
Looundary = —iA + |g* — 3G — $Gf — 3Gf
+ M = A H W +dp) + S A = AG M-+ 9o). (5.7)

The B-type supersymmetry variation of Syoundary Precisely cancels the surface term arising
from the variation of the bulk action. It is easy to rotate the boundary condition by

R-symmetry, although we have not taken it into account explicitly.
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We apply this prescription to the B-type boundary states in N = 2 Liouville theory.
At first sight, non-trivial factorizations break the invariance under the unit period shift of
6, but the theory remains invariant if we let the boundary fermions A\, A (or more precisely
all the components in the superfields I',T') transform as g(®), g(®). We will only consider
the cases with
frgm W2

because a copy of N = 2 superconformal symmetry is unbroken only for this choice [L5].
Note also that the boundary interactions then become precisely the holomorphic square
roots of bulk interactions, and the theory can still be regarded as a perturbed free CFT
after the irrelevant terms are discarded. After suitably normalizing boundary fields and
incorporating the effects of nonzero worldsheet curvature, the boundary action can be
written as follows:

y{dx [5\(91)\— %%rg] +upSp + 1gSg + iipSp + iigSp (5.8)

— — _ |k : _JkEz_ _ —
= %dw |:)\a:v)\ — \/%%B _ (,U’BA +:U’B)‘)6 \/;¢L+ZHL _e \/;¢L ZHL(/_‘B)‘_F/ZB)‘) ,
where K denotes the curvature of the boundary appearing in the Euler number formula

VIR K
= 2 — 2fi(handles) — f(holes) = [ +—— —. 5.9
x =2 = 24(handles) — sfholes) = [ Y=o [ = (59)
The terms proportional to up, iip, etc will be called the boundary screening operators.
From the condition fg = 2W one finds

- = fphs = . 5.10
LBl = BBl 5 (5.10)

Note that the boundary fermions were renormalized to have the standard propagator,

A@)A (")) = (Mz)A\(")) = %sign(m—x'). (5.11)

It also follows from this that any non-vanishing correlator of A, \ is taking values +1/2,
e.g.,

A@)A(@1) - A@n)A(zn))

= (AMzp)Nx7) - Map)AN(zs)) = (x1 > 21> > 2p > Th). (5.12)

1
2

The boundary fermions introduce the Chan-Paton degree of freedom on each boundary.
For example, the Hamiltonian quantization of the theory on the strip (0 < o < m, 7 € R)
has two sets of fermions \g(7), A\g(7) and Ar(7), Ar(7), which under the free field approx-
imation satisfy the standard anti-commutation relation. So the Chan-Paton space is two-
dimensional for each boundary, and is spanned by |0) and |1) = A|0) where |0) is annihilated
by A.

,34,



From the viewpoint of perturbed free CFT, one can also consider the following inter-
action:

[J,BSB = — ﬂg%d.%'()\)\ )\)\)(1/}+¢_ - 2\/—86 \/>pL (5.13)

which is also a holomorphic square root of a bulk screening operator. The above operator
depends on boundary fermions in a strange manner, but the reason will be explained
shortly.

5.1.1 Computation of disc correlators

The relations between the labels of boundary states and the boundary couplings can be
obtained by computing some disc structure constants from free field approach. Let us
begin by setting up the consistent rules for computing correlators on the upper half plane.
Namely, we need to be able to calculate correlators so that they are either invariant or
flipping sign under re-orderings of operators appearing in a correlator (---), when all the
operators are in the physical spectrum and their Grassmann parity is suitably defined.
The Neumann boundary conditions on the fields p, 8, H correlate the left- and right-
moving sectors of the theory. We evaluate it using the propagators,
(pL(2)pr(Z)) = (0L(2)0r(Z)) = (HL(2)Hr(Z)) = —In(z—Z2)+ %T (5.14)
The Wick contraction of free fields gives, after taking the factor (R.41) into account, the

following rule for correlators of bulk operators:

(TLVisus (2, 7)) H |z = 2 [ [ (20— 25)7 (0 = )7 (2 = 2) 7 (20 = 25)7, (5.15)

1<j

where v;; = 2{(m; + s;)(m; + s;) — jij;} + sisj, etc. The Wick contraction involving
boundary operators is defined simply by

Vy.]];l(;:‘;;zsz ( )B.]a Sa (,I) ~ (Z _ x)'}/za (Z — aj)’na
B]a(sa)( )V#in%fz) Z) ~ (1. _ z)"/z’a (1’ _ g)'ﬁa’ (516)
B]a(sa)( )BJb(Sb)(m ) ~ (z— a)Yes

The first and the second lines generically differ by phase. To ensure V(z)B(z) = £B(z) X

V (2), we therefore require that the operator V%Sf%g) appearing in the correlator (- - -) between

two boundary operators connected by the boundary state Bﬁ‘] M yields a phase factor3,

<2m'(M +a)
exp| ——=

: (m+s—m—35)+ira(s — s)) . (5.17)

i(s)

In addition, we require that the boundary operator Bj,” connecting the boundary states

B[‘f] M and Bﬁ‘]/, M) satisfy

k
m—|—56M—M/+oz—o/—|—§N, sca—d +S. (N,SeZz) (5.18)

3If the correlator contain no boundary operators, one takes the unique boundary state appearing on the
boundary and consider the similar phase factor.
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We require that the physical operators with even (odd) N are accompanied by even (odd)
numbers of boundary fermions, and define the Grassmann parity of the boundary operator
to be N + S mod 2. Note that this rule makes all the boundary interaction terms in (f.§)
Grassmann-even. On the other hand, the Grassmann parity of the bulk operator V%Sf—f) is
s — 5 mod 2. In order to get the (anti-)commutativity in accordance with this assignment
of Grassmann parity, we have to require that the bulk operator V%Sf—f) in disc correlators
should behave like

i

e's (M=M\X 4 e~ T (m=mx ), (5.19)
Finally, the boundary interaction jipSp of (5.13) has to be proportional to AX— A\ in order
to commute with other boundary interactions.

Let us compute some disc structure constants using the free field prescription. To
begin with, we compute the coefficient t(n) appearing in

VY2 (2 2) = tn)|z — 2|k + - (5.20)

n,—n
It is given by a free field correlator with one insertion of the boundary screening operator
ABSB,

4k:7T[LBF(—%) AmiMn
e — k

t(n) = <Bo_1 ) an,/—Qn : (_ﬂBSB»free = TN © ) (5.21)
I'(=%)
and the comparison of this with the analysis of disc two-point function yields,
1
_F _l
fip = —isin{}(2J + 1)}M (5.22)

21k
Let us next evaluate the product of OPE coefficients cIfI(n,ﬁ) They were defined in the

previous section as follows,

2nq  k eS|
ik — Y i)z - 2% +§+1$(”+”)B§iﬁj:§¢l+---
(+7T)7(_7l)

_\ ok/2(+£1 +7—0 _

B2, "0 il )P+ 7)) - 1. (5.23)
Although we were not aware in the previous section, t! are linear in the boundary fermions
and the product ¢/#!(n, —n) involves the algebra of boundary fermions. Calculating them
as follows,

—k/2-1(~1)

k/2
k/24+1-—n—n v,

t'(n,n) ~ (B i (—HBSB — 1BSE))free

a o 2ml(—k—1—-n—n) 2miM@n-n)
~ A (=)"""usA e k
{uA+(=)""pp }F(—§+n)r(_g+ﬁ)

_ k _ _ _ E
(aA+00B2",_ (0) ~ ~(7pSs + ipSp)(ar + B2, (0)

)

m—%-1 !
A
~ (auBeruB)/O 2™t~ (afig + bag)T(m), (5.24)
we find
_ n 2nl'(—k — 1 4miMn
M (n,—n) = (uppp + (~ " upis) ChoD) =g (5.5
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By comparing this with (4.55) we obtain

k_lu e27riJ

_ ki _onig
B = — —e ™ 5.26
ot ) 12912021 e ( )

UBHE = — o

Combining this with (5.10) we can determine the boundary couplings up to a single phase.
In the next section we set the couplings as follows,

(um i, fims fig) = i ];_M(eiw(J—M)7e—i7r(J—M)7e—i7r(J+M)7ei7r(J+M)) (5.27)
™
and compute the reflection coefficients of boundary operators. We will read off the open

string spectrum from it and find a precise agreement with the result of modular bootstrap
of annulus amplitudes.

5.2 A-branes

For A-branes in LG models, it is not known how to construct boundary interactions.
However, in the framework of perturbed free CFT, nothing seems to prevent us from
incorporating the boundary screening operators of the same form. In this and the following
sections we will try to reproduce some disc structure constants involving A-branes using
the following boundary action,

fdx [Xam - \/%B] +paSa+ iaSa+ fiaSa
= y{dx [5\(933)\ - %%ﬁ - MA)\B_\/EWHHL - ﬂAe_\/gqu_iHLS\
-3 Vi
—aAX = AN (Y tp_ — iV2kD0)e VEPE ]| (5.28)

An important difference between A- and B-type boundaries in performing free CFT com-
putation is that the boundary condition on free fields 6, H is Dirichlet for A-type and
Neumann for B-type. In the same sense, we should regard the boundary interactions as
carrying nonzero winding number or momentum for A- or B-type boundaries, respectively.

As we did in the case of B-branes, we regard the system as that of free fields perturbed
by bulk and boundary screening operators and compute various disc correlators perturba-
tively. The correlation between left and right-moving sectors is given by the following set
of propagators,

(pL(2)pr(Z)) = —(0L(2)0r(Z)) = — (HL(2)HR(Z)) = —In(z—2)+ir. (5.29)

The bulk operator VTZLS‘:—,’LQ appearing in a correlator (---) between two boundary operators

«

connected by A-type boundary state A[ T

] yields a factor

exp (%(M +a)(m+m+s+35) +ira(s + s)> {eTMTMNX 4 e 5 (MIMXAL (5.30)
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In order for the bulk and boundary operators to (anti-)commute in accordance with their

)

Grassmann parity, we require the physical boundary operator Bf,gs between A-branes

A[O‘JM] and A‘[)f]//M,} to satisfy
MBI MBS . omeM-M+7Z, sca-—d +7Z,
)\B%S)---meM—M’—%—i—Z,SEQ—O/—i—Z, (5.31)
XB?,ES) mEM—M'+§+Z,5€a—a’+Z.

The fermion number of boundary operator is given by s —a+a’ —f(\) +#(\) and is always
an integer. In the next section we will discuss a little more about the above condition for
the physical spectrum.

One can relate the boundary couplings (4, fi4, ii4) with the labels [J, M] of A-branes
by computing the coefficients u(n), @!(n, @) and ¢! perturbatively and comparing the results
with those in the previous section. One finds

1
. - val'(—1)
na = —COS{E(2J—|— 1)}W,
_ 2kp . .
HARA = Tsmw(J—l—M) sinm(J — M). (5.32)

In the next section we compute the reflection coefficients of boundary operators using the
values of (pa,ia)

12k |2k
™ s

Let us finally point out that the bulk-boundary propagator <V:, ana 1Y (& signs cor-
respond to A- and B-branes respectively) exactly vanishes when evaluated as a screening
integral. This is in consistency with the observation of the previous section that the self-

k)2
v

n,+n

OPE of degenerate operator does not yield boundary identity operator in a simple

manner.

6. Boundary reflection coefficients

Now that the wave functions for various boundary states are available, one can obtain the
spectrum of open strings between any branes from the modular transformation property
of annulus amplitudes. For example, the annulus amplitude between two A-branes both
corresponding to non-chiral non-degenerate representations is calculated as
) i c L I/ -< lvf
7 — <AE{]5V”|€WT( o+Lo 12)|A[QJ/71\5/]>
dj , .
= Z /_U[J,M}(_.] - 1’_ma _ﬁ)U[J’,M’}(.]’m’ﬁ)Xj,m-i-ﬁﬂ(TcaO/ _Oé)- (61)

17
m+pekz
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Rewriting this as a sum of characters in the open string channel we obtain

; ' —a—2(n A &
7 — Z 627r2,3(a (nt+M-M ))/ ds {pé(S‘J, J/)X_%J,_Z‘s,n_FM_M/m(To’B)
neZ+o—ao’ >
0 PRGN s iamirt apsk (70 0)} 5 (62
+
with
A , o iscosh{mp(2J 4+ 1)} cosh{mp(2J + 1)} cosh{knp}
J,J) = d P
po (81, T) /Oo pe sinh(7p) sinh(7kp) ’
[ s cosh{mp(2] + 1)} cosh{mp(2]’ + 1)}
J,J) = d P . 6.3
prsl], ) /Oo pe 2sinh(7p) sinh(wkp) (63)

As a non-trivial consistency check, here we try to read off the spectrum from a different
approach using the reflection coefficients of boundary operators. This also enables one to
find and check the correspondences between various form of boundary interactions and the
boundary states. We will heavily apply the techniques developed in N = 0 and N =1
Liouville theories[f, [J] that use boundary degenerate operators.

Let us take the upper half plane with A- or B-type boundary conditions. The boundary
operators are labelled by the two D-branes they are ending on, as well as their Chan-Paton
indices. Note that each single D-brane is defined with two-dimensional Chan-Paton space.
So the boundary operators are 2 x 2 matrices. We denote the four matrix elements of
boundary operators as

PABI e, DB, DB BT (6.4)

where X and X’ are the sets of parameters specifying the boundary states appearing on
its left and right:
X ={[J,M];a}, X' ={[J ,M];d}. (6.5)

a labels the rotation by R-symmetry.

In this section we order the boundary operators in OPE formulae or correlators as
they appear on the real axis. In computing correlators using the prescription of previous
section, we need to re-order the operators first and then Wick contract. Note that this also

involves the re-ordering of composite operators like AXB%LS).

6.1 A-branes
In the previous section we have argued that the boundary operator [Bf,(f)]XX, can connect
the two boundary states X = {[J, M],a} and X' = {[J', M'], o’} only when it satisfies a

certain quantization condition. From the annulus amplitude (f.J) one finds
sca—d+Z, meM-M+Z oo M-M +£5+7Z. (6.6)

Recall that the A-branes in N = 2 Liouville theory are extending orthogonally to the
periodic direction and M can be understood as their position. Boundary operators therefore
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carry winding number m, and the above condition says it can differ from naive values
M — M' + 7Z by :I:%. This mild breaking of winding number quantization law should be
understood as due to boundary interaction terms. Moreover, the mild-ness of the winding
number violation should be due to the boundary fermions. Naively, if there were boundary
operators with m = M — M’ + %, one would get operators with m = M — M’ + kTN (N >2)
by fusing them. However, the operators with N > 2 never appear if we require

meM-—-M+7Z for P\S\Bir(LS)]XXH [E‘ABL(LS)]XX”
meM—M +%+7 for DB, (6.7)
meM—M — g + Z for [)\Bf’Y(LS)]XX/?

simply because (A\)V vanishes if N > 2. This is consistent with the physical condition

(b.31)) we found from locality in the free field picture.

As a reflection coefficient of boundary operators, we first consider
(B e = d(1,m, s; X3 X7) (B 7191 (6.8)

Let us first find out what kind of matrix the coefficient d is. Recall that the reflection
coefficients are related to the two-point functions:

d(tm, s X; X') ~ (BIO S [BLIT). (6.9)
From the quantization law of m it follows that the boundary operator AAB has nonzero

two-point functions with A\B or A\B, and AB has nonzero two-point functions only with
AB. For the operators AAB, A\B the reflection coefficient therefore becomes a 2 x 2 matrix:

MBS A d Y\ (AABR T
plls) | = SN N Sy pl-1(s) | - (6.10)
B, iy 4%y AABp,
For the operators AB,AB the reflection coefficients will be ordinary numbers. Finding
these coefficients is our primary goal in the following arguments.
To begin with, let us consider the 2 x 2 matrix-valued reflection coefficient d(l,m, s; X;
X") for boundary operators AB, AAB. First of all, it follows from the quantization condi-
tion on m and s that

d(l,m,s; X; X') ~ 67(;7)M_M/5§710)4_a, (6.11)

To derive further constraints on d, we have to analyze the boundary OPEs involving de-

generate operators. Consider the following OPEs

N pl(s N pl+k/2(s N pl—k/2(s
( [{\)\B?Em ;]XX/> x (BN, — &R ( )\)\Bﬁ?%{ ; XX”) + &R ( [i‘)‘B;nz%{ ;]XX”>
[AB 1% ? B, [MB,, o™ e

| |
| |

N pltk/2(s " T ~l—k/2(s "
B, ’Vi«) » ( By ;m)
| | B

m-+mo

S Rl
k/21X" [ABm "%y <L
Bl < [XABL(LS’]X? T

(6.12)
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where X'’s are abbreviations for the labels of branes,
=[JMa], X'=[JM], X"=[J"M"d"] (6.13)

andmeM— M +7Z, mg=M —M", o/ — " =0 in the first line and similarly for the
second line. The coefficients 5i’L are 2 X 2 matrices in the same way as d. One finds as

usual Ef’L =1, and gl give a set of recursion relations for the reflection coefficient. For
S 5(s) .

+mo

example, by considering the term proportional to B,, in the product of Bi,(f) and

Bm/0 one obtains

d(l,m,s; X; X') 5§(l,m,s,mo;X;X/;X'/)d(l — g,m—i—mo,s;X;X”),
d(l,m,s; X; X') = (I,m,s,mo; X"; X; X")d(l — g,m +mg,s; X" X', (6.14)

Another set of recursion relations follows by considering the term proportional to
—l— 1——(5)
B

m-+mo )

d(l+ & m +mo,s; X; X") = d(l,m, s; X; X)eB (=1 — 1,m, 5,mo; X; X'; X"),
d(l+ % m+mo, s X" X') = d(l,m, s; X; X")e" (=1 — 1,m, s,me; X"; X; X'), (6.15)

but the former two are related to the latter two due to
d(l,m,s; X; X )d(=1 —1,m, s; X; X') = 1. (6.16)
Also, the two equations in (.14) are not independent once we notice

d(l,m,s; X; X')t = d(l, —m, —s; X'; X),

6.17
et (l,m,s,mo; X3 X5 X')t :Elj(—l—1—|—%,—m—mo,—s,mo;X’;X”;X), (6.17)
from their relation to disc correlators.
The matrix coefficients -7 are calculated as screening integrals:
& (Lym, s,mo; X; X' X" = (BYO) B2 BTl THR/2(79)y (6.18)
—l—14k/2 _ O —_ &
<B£ns)Bk/QBfm ;0/ . S)( S — S + paSafiaSa))ree-

There are two kinds of contributions to the coefficient ¢_, one proportional to pafia and
the other proportional to p or . The first ones are expressed as the following integral

[ /dsds]s]l_m\s\“rm\l _ s|5mo|q — 5|5 +mols _ 5~k-1, (6.19)

with different integration domains. As before, we consider the three segments of the real
line

(1) [_OO’O]’ (2) [0’ 1]’ (3) [1’00]

and denote the integrals with suffices indicating the integration domain of s, s. For example,

L1 &{s<s5<0}, IIhe{s<0<s<l1}, I3 {0<s<1<s}, ete
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These integrals can be expressed in terms of the functions Gj defined in the appendix,

where some useful formulae are also presented. The integrals I;7 and Ij; have simple

expressions
r(1+1 D(—1+%
P Gl 0 s 2 M mo) oy — k1),
D(—l+m)T(1+1—%+m+mg)
FA4+1—m(=l+%—m—
Iy, = LI I faom ) oy )02 — k4 1) (6.20)
(=l -=m)['(14+1—-5 —m—mg)

but others do not. Using them, the matrix elements are computed as

(1, s,mo; X X' XV = paialia + paflalos + il Tsy + palhlos + To(p, 1) 55,
&1 m, s,mo; X3 X5 XM = papaliy + Waials + Wil s + Wil + To(ns 1)),
(1, m, s,mo; X X5 XMV = {pafialis + phfialis} (=) 0%,

(1 m, s, mo; X X XN = {palalig + pala iz} (=)~ (6.21)

and similarly for ¢“. In this expression, the coupling constants ju4,fig are functions of

(J, M) as given in (5.39) and similarly for those with primes. The diagonal elements of &
also have O(p, i) contribution Iy which are given by

3 k:
(IO)AQJ\ S { (2M — k) Ity + c(2M') I3 + c(2M") I35 4+ (M’ + M" — %)123}
3 k:
(Io)%\ = _?" {c(2M + k)I;7 + c(2M") I3y + c(2M") I35 + ¢(M' + M" + 5)I55} . (6.22)

After the f14, fia are substituted with the functions (p.33), the expression for o simplifies
under the following assumption

the degenerate operators [B,IZ/2]XX/ only appear between branes X = [J, M, a]
_ i ofari _k
and X' = [J',M',d] satisfying J — J = 5
The OPE coefficients & are then given by

~R LY. v!. !
Cf(l?m785m07X7XaX )‘mO:MliM/l J'=J"+ _70[ —a

_ 2kp [~ 0 s(J+M) —s(J +1—M)
o7 \07 —s(J' +1+ M) s(J—-M)
" ILi; 0O s(J — M) s(J +1—k—M) 70
0 I s(J +1—k+ M) s(J+ M) 0~ )’

~L Y. v. v/
cf(l,m,s,mo,X ’X’X)‘mon” M, J'= J+—,cv o

~ 2kp (0 s(J- M) —s(J—-1+ M)
T x \oy )\ =s(J—1-M") s(J+M)

" I;; 0 s(J' + M) s(J—1l+k+ M) 70
0 I3 s(J—Il+k-M) s(J —M) 0~/

v = exp{Z(M-M-m+a—d —s)} (6.23)
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where 1,1, I1; are as given in (p.20).

It turns out very non-trivial to check that the set of recursion relations are consistent
(solvable) and has a solution with the appropriate symmetry properties (.14),(p.17). We
find that the solution can be written in terms of the special functions G and S introduced
in 8

| (see the appendix for their definitions) as follows:

141 G(b(2l+ 1))
G(-b(204+1))

xSl —J+J +1)Sb( —J—J)) x d(l,m,s; X; X"), (6.24)

d(l,m,s; X; X') = (b2 S(b(i+J+J +2)SObl+J—J +1))

where b = k~1/2 as before. The matrix part cZ(l,m, s; X; X') is given by
T(141—m)
5 v 0 s(J— M) —s(J -1+ M) m 0
d(l D¢D.¢ 4
(Lm, 5. X X) = <0 7> (—s(J—l—M’) s(J' + M) 7F(1+ll+%>
" s(J/+ M) —s( J+Z+M’
—s(J+1—- M)
_ 40 s(J+ M) —s(J'—H— I;((Hll;:f)
= 07)/ —S(JI+Z+M) F(lJrl nTj)
fe— fe— /_ fe—
y ( s(J—M) —s(J —1 ) ( )

—s(J' =1+ M) s(J+M)
v = exp{Z(M-M-m+a—-d —s)} (6.25)

We can solve similar equations for reflection coefficients for operators [)\Bi(f)] or [

BLSS)]. The reflection coefficients dy,d5 for these operators are ordinary numbers, so one

DtiEm) o LR

expects them to be proportional to TEm) should be proportional to either

1,7 or I7; and not their linear combination. Let us consider the case of [)\Bi(f)] and calculate
the OPE coefficients -7 as screening integrals. We find that the sum of bulk and boundary
screening integrals takes the simple form:

2k
65([,7’)’1,, 5, Mo, X’ X/aXI/) = _—Ms(l +J+ J/ - %)S(l -J+ J/ - %)Ilia
T
 2kp
el (l,m, s, me; X5 X, X)) = sl—J—J -5s—-J+J —-51;.  (6.26)
T
where we imposed again mg = M'—M", J = J"+ %, o/ = o in the first line and similarly
in the second line, too. The reflection coefficient dy(I,m; X; X') is obtained as before by
solving a set of recursion relations. One finds

iDL+ 1+m) G(b(2l+1))
(=l +m) G(=b(2l+1))
xS+ J+J +2+ENSOBU+J—J +1+%))
xSl —J+J +1+E)SOI—J—J +5). (6.27)

dy(l,m; X; X') = (b2
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Boundary chiral operators are expected to satisfy a different kind of reflection relation,

which should be of the form

[)\j\Bi(s—i—l) X

yplhx  _ 4+ v v i %%
[)‘B:Fl ] X — d (l,S X X) _ i 5 (628)
R (s+1)1x
[)‘)‘Bﬂ 1%
where [ = —[—1— g Here d* is a two-component row vector with components (d;, dt )
Once we know the OPE coefficient Ef = ((6{2))\;\, (6{3)5\)\) defined by
. i i DABIC Y 1K
B B o — (@5 @) G X ) e (629
[)\)\B ]
l+mA1+k/20 X7
the reflection coefficient d~ can be calculated as
d (1,8 X;X") = f(l m,s; X5 X5 XYd(1L, 1 +m+ 5+ 1,5 — 1; X5 X7),
(m =M-M' J-J" =% d=d, (6.30)

and similarly for the other one. After some computation one obtains
%k T2+ 1D0(=20 —1—m — &
()l m, s X; X'; X") :_\/7 (20 + DI L—m )
" [(=m—3)
X <S(J, + M + 2”(—)0‘—0/—57 s(J + M)> ’ (6.31)

and

s G(b(20 + k+1))
G(=b(2l + 1))
xS+ J+J +2+ENSOI+J—J +1+ %))
xSl —J+J +1+ENSb(l — T - J +5) x d*(1,s; X; X),
At (1,5 X; X') = (s(J — M), (=)o sy (! - M’)) ,

d (1,5 X; X') = ((_)a—a’—s—lsu' + M), s(J + M)) . (6.32)

(1,5 X; X') = i?(yb_ZI’Q)l+ ta

There are some consistency checks we can do. As an example, one can consider another
important boundary OPE involving [ = 1/2 degenerate operators

B [BY2 e — BB 1w + B e,

+ L~ m+4+mo m~+mg
" 1+1/2 1 x 1-1/2 1 x"
(B2 IBLIYy — BRI X+ E(BL 21X (6.33)

and calculate cﬁ’L

as screening integrals which are proportional to jisg. On the other
hand, they are also calculated as certain ratios of the reflection coefficients obtained above.

Comparing the two results we obtain

cos 7(2J + 1), (6.34)



in consistency with the result of fig of the previous section (p.29).

Finally, let us try reading off the open string spectrum from the reflection coefficients
and matching with the result of modular bootstrap analysis (6.9). The reflection coefficients
are essentially the phase shifts of wave functions that are scattered off the Liouville wall, so
by taking its log derivative with respect to the Liouville momentum (I quantum number)
one should be able to read off the spectrum density. For d(l,m, s; X; X') which is a matrix-
valued quantity, it is natural to define the phase shift by the logarithm of its determinant.
Discarding the factors which are independent of .J, J' and irrelevant one obtains

logdetd(l,m, s; X; X") ~ log[S(b(l + J + J +2))S(b(+ J+ J +2+k))

xS +J—J +1)SO(+J—J +1+k))
xSl —J+J +1)SOb(I—-J+J +1+k))

XS(b(L— T — TS — T — '+ K) (6.35)
_ 5 /OO dp e@HD cosh{(2J 4 1)wp} cosh{(2J" + 1)mp} cosh{kmp}
B 4 sinh(mp) sinh(k7p) :

The [-derivative of this agrees with the spectral function p{)“ in (f.3) up to numerical factors.
Similarly, the logarithm of dy(l,m, s; X; X') is given by

© dp DT cogh{(2.J + 1 h{(2J +1
fog (1 m s X5 ')~ — [ 8 ol (2 + Do} cosi@T % Dmp} - (g.55)

oo D sinh(7p) sinh(kmp)
and its [-derivative agrees with pg! in (F.3) up to numerical factors.

6.2 B-brane

Using the wave functions for B-branes one can compute the open string spectrum between
two B-branes X = {[J, M],a} and X' = {[J', M'],o}:

Z = (Bfjyle™ ot o3| B )

dj . .
= Z /c .—]T[J,M](—J — 1, —=m, =B) Ty a1 (G, M, B)Xjm1-8,8(Te; @ — @)

(i
5270
_ 2kT§ ¢~ 2miBla—a’+{(a—a/+M—M")) > (6.37)
T

mekZ+M—M'+a—ao!
B B
/dS {X—%-l—i&mﬂ—a’(TO’ 6)/)0 (S‘J’ J,) + X—%—l—is,m—l—g,a—a’(TO? ﬁ)pl (3"]7 J/)} )

where T} r1(j, m, 3) is the wave function of ({.55) and Ty is its normalization which is so
far undetermined. The spectral functions pgl are given by

23 [cosh{27mp(J — J')} cosh(kmp) 4 cosh{2np(J + J' 4+ 1)}]
sinh(7p) sinh(kmp)

2?3 [cosh{2mp(J + J' + 1)} cosh(kmp) + cosh{2mp(J — J')}]
sinh(7p) sinh(kmp)

)

ﬁ@@ﬂz/@

pr (sl J') = /dp . (6.38)
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We would like to reproduce this from the boundary reflection coefficients. Notice first

of all that the condition on physical open string operators (p.1§) is in accordance with the
spectrum that can be read off from the annulus amplitude. Let us recapitulate it here:

seca—d+7Z, m+seca—ao —M+M +kZ for ANBL )X, /s [S\AB%S)]XX,,
sca—d+Z, mt+sca—o —M+M +EZ+5% for [)\B( )] X1 [XB%S)]XX
(6.39)
We first consider the 2 x 2 matrix-valued reflection coefficient d(I,m, s; X; X') for the
operators ()\XBir(Ls), S\AB%LS)), which is defined in the same way as for A-branes. To obtain
it, we analyze the recursion relations arising from the boundary OPEs involving [ = k/2
degenerate operators. Calculation of the OPE coefficients R goes in a similar way as
before, except that the bulk sc;;e/gning operators do not show up. Under the assumption
X

we obtain

~R X X! x”
cf(l,m,s,mo,X,X,X )|m0=M/fM” J'= J//Jr ,o/:a”

that the degenerate operator [By, | 'y connects two boundary states only when J = J "4+ g,
ikp ’Y 0 §=E\ (i 0
s(l+J+J = %)
7r -£ ¢ 0 Iy
ée(l’m?S’mo;X”;X;X/)|m0:M” M, J'= J—l——7 a''=a

6
sy () () (faun)(éé)J( )

N = o3 (M—M'—m+a—a'—s) — 67"(]7]/4)’ I o5 (=T —ltk) (6.40)

)

A number of recursion relations for d are obtained easily, and by solving them we find

11 G(b(2+1))

G 1y ST+ 24+ )8+ T = T+ 1)
xSl —J+J +1)S(b(1 —J - J + &))

_ D(1+l+m) z _
70 =\ [ Temm O E\ (70
() () (7 i) (E)(37) o

— o3 (J=J'=1) £ = o3 (J=J/+1+1) N = o3 (M—M'—m+a—a'—s)
I ) °

d(l,m, s X; X') = —i(wh?>~2")

A IlAx R

For boundary operators between B-branes, the reflection coefficient for those propor-
tional to A, A also becomes 2 x 2 matrix,

)\Bi]gs) d/)\ d/)\ )\B;l—l(s)

S\Bf”f(LS) = d/)\ d/)\ S\B;Llfl(s) : (642)
The calculation of the reflection coefficient d'(I,m,s; X, X") proceeds in the same way as
before. We only present the final result,

l+1 G(b(2l+1))

e e e v )

S+ T +J'+2)S(b(l +J — J' +1+ %))
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xS(b(l —J+J +1+ENS( -7~ 7))

_ T'(14+1+m ~ = _
NELAYEE ﬁ:ﬁ# 0 m-n\ (70 (6.43)
07 nn 0 L(4l=m) —7_7 N 0 v .
I'(—l—m)

n = o3 (J+J'+1) i = o3 (J+J'=1-1) N = o3 (M+M'+m—a+a/+s)
) ) *

The reflection relation for chiral operators can also be obtained in the same way as for
A-brane case. It can be put in the following form,

$EN (v 0\ (MBY\ _  ( m-n) (5 0 ABCDN
£¢ 0 - XAB;(S) -7 0 3_ 5\31_;71) E
3 A s = ~ l~s+1
€} (1 0 {‘)‘Blf(l) gt [ o) [+ 0 )‘Bz:( ) _ (o
£€¢ 0 7+ )\)\Bl_(ls) -7 n 0 7. j\Bl{(sH) « |
. ) e
’}/:F = 6%"(M7M’q:l+a7a’fs) ;}4/:': _ e%(M+M/:|:Z_OC+OCI+S:F1) (644)

The right hand sides of these equations mean that a suitable linear combination of )\S\Bﬂl(ls)

and XABLS) has a partner under the reflection [ < lN, while another suitable linear combi-
nation should be regarded as zero. The coefficients dT are given by

e GORI+E+T)
G(—b(21+1))
xS+ T+ J +2+5)SOG1~J T +1+k))
xSl +J—J +1+k)SOI—J—J +£)). (6.45)

d¥ (1,5 X; X') = F(wb 2"

Finally, let us calculate the open string spectrum between two B-branes using bound-
ary reflection coefficients. The spectral densities of boundary operators proportional to
(AN, A\) or (A, \) are obtained as suitable derivatives of (logdet d) or (logdetd’).

)

log det d o — /Oo @e(%“)ﬂp {cosh 27p(J + J' + 1) + cosh kmp cosh 2mp(J — J')}
& oo D sinh(7p) sinh(k7p)

log det d' ~ — /OO @6(2”1)”’ {cosh 27rp(J — J') 4 cosh kmp cosh 2mp(J + J' + 1)}.(6.46)

o P sinh(7p) sinh(kmp)

These are in precise agreement with the spectral densities p&, pP of (6.3§). This result also
suggests that the correct normalization of the wave functions for the B-branes ({.5) is to

set

T, = ;%. (6.47)
7. Concluding remarks
We now understand the branes in N = 2 Liouville theory as boundary states, which

are algebraic objects satisfying boundary conditions on N = 2 supercurrents, and also
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in terms of worldsheet actions containing boundary interactions. We have obtained an
explicit correspondence between two descriptions, and various structure constants of the
theory on the disc have been analyzed to the same extent as for the N = 0 and N =1
Liouville theories.

The boundary interactions for B-branes proposed in this paper can be understood
within the framework of Landau-Ginzburg theory, but the ones for A-branes are new.
It is therefore necessary to understand the properties of these interactions from various
viewpoints, such as mirror coset model.

For A-branes, the description in terms of boundary interactions is expected to apply
only to those corresponding to non-degenerate representations. Some degenerate A-branes
might be described by the theory on a pseudosphere (a recent work [[7] has analyzed this
issue). For B-branes, the relation between the labels of branes and the representations of
N = 2 superconformal algebra is less clear.

We have not paid much attention to the open or closed string states belonging to
discrete representations. Although they will not invalidate the analysis of the present paper,
they will play a significant role in certain problems in string theory. It is also important to
understand the modular transformation property of characters for these representations.

As a perturbed linear dilaton CFT, N = 2 Liouville theory has a structure very similar
to the sine-Liouville theory, which is believed to be dual to the bosonic SL(2,R)/U(1) coset
model describing two-dimensional black hole. The boundary states in the sine-Liouville
theory are expected to be described by a similar set of boundary interactions including
boundary fermions. It would be interesting to study the D-branes in these related models

and their Wick-rotated cousins along the same path.
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A. Some useful formulae

In the main text we frequently used

v(z) = =———, s(z) =sin(rz), c(z) = cos(mx). (A.1)
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The functions Y, G and S are defined by

o gt [ QU2 et et 2 1
_ av Q _ 2(Q _
log G(z) = /0 P _(1 — e M1 - eft/b) 5 <2 x) T t <2 x)] ’

2
log Y(z) = /O T e (g o) - %inh2{§§ — )t} ] |

t| sinh(bt) sinh(t/b)
o [dt (22— Q sinh{(z — 9)t}
log S(x) = /0 e 2sinh(%)sin2h(2ib)] ’ (4.2)

where Q = b+ b~!, and are characterized by the shift relations

b2 b2 (ba)

Gz +0b) = G(x) , T(xz4b) = Y(2)b' =2~ (bx), S(z + b) = S(z)2sin(brz),

V2r
Gz +14)= G(m)lﬁ;\/;ﬂ(%), Y+ 1) =Tt (L), S(x+ 1) = S(x)2sin(Z2)(A.3)
Note also that G
T(2) = G@)G(Q — ), S() = E@=2) (A.4)

G () has poles at x = —mb —nb~! (m,n € Z>o) and no poles.
The functions 7(7) and J(v, 7) are defined by (¢ = >, z = €27®)

n(r) = g¢= [ (1 -,

n>1

o) = JL( = g1 + 2" H) 1+ 27 h) = g, (A.5)

n>1 nez

and obey the modular S transformation law:

o2

oy 1,) = (—Z‘Tc)%QTﬁ(—aTc,Tc), (7o) = (—iTc)%n(Tc) (ToTe = —1). (A.6)

In the main text we often encountered the contour integrals of the following form:

/ dsdts®(1 — s)Pt%(1 — t)P(t — s)7F 1
0<s<t<1 B B
_T(l+a+a—-kIA+b+b—k(a+1)I(b+1)
B Ta—c+1)I'(b—c+1)
x3F(a+1,b+1,k—c—¢cGa—c+1,b—c+1;1) EGk|:
(c=k—1—a—b, c=k—1—a—b) (A7)

QI

The function G}, satisfies the equalities
N—a—a—-1)IT(-b—0b—
I'(- ) (

cti=k = Gk[g%g} -

SIS
S
SIS

QIO

s(a)s(@)Gr, [ g} +s(a)s(k—a)Gy, [

QI
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